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GLOBAL DIFFUSION ON A TIGHT THREE-SPHERE
MARIAN GIDEA;
Abstract. We consider an integrable Hamiltonian system weakly coupled with a
pendulum-type system. For each energy level within some range, the uncoupled
system is assumed to possess a normally hyperbolic invariant manifold diffeomorphic
to a three-sphere, which bounds a strictly convex domain, and whose stable and
unstable invariant manifolds coincide. The Hamiltonian flow on the three-sphere
is equivalent to the Reeb flow for the induced contact form. The strict convexity
condition implies that the contact structure on the three-sphere is tight. When a
small, generic coupling is added to the system, the normally hyperbolic invariant
manifold is preserved as a three-sphere, and the stable and unstable manifolds split,
yielding transverse intersections. We show that there exist trajectories that follow
any prescribed collection of invariant tori and Aubry-Mather sets within some global
section of the flow restricted to the three-sphere. In this sense, we say that the
perturbed system exhibits global diffusion on the tight three-sphere.
1. Introduction
The diffusion problem in Hamiltonian dynamics asserts that, generically, nearly inte-
grable Hamiltonian systems exhibit trajectories along which the action variable changes
by some positive distance that is independent of the size of the perturbation (see [3]). A
related phenomenon is the existence of trajectories that exhibit symbolic dynamics, i.e.,
they visit prescribed open sets in the action variable domain, or prescribed sequences
of invariant objects (KAM tori, Aubry-Mather sets, etc.) in the phase space. In this
paper we are concerned with the phenomenon of diffusion for a particular subclass of
nearly integrable Hamiltonian systems, referred to as a priori unstable systems – these
can be locally described in terms of action-angle and hyperbolic variables (see [12]).
The diffusion phenomenon in a priori unstable systems has been extensively studied,
for instance in [12, 49, 6, 5, 34, 50, 10, 38, 15, 22, 4, 11, 18, 23].
A typical approach to the diffusion problem is to start with an action-angle do-
main of the integrable Hamiltonian, which is foliated by Liouville tori, apply the KAM
theorem to the perturbed system restricted to that region, and use KAM tori in combi-
nation with other geometric objects created by the perturbation to construct diffusing
trajectories. Such trajectories lie within the action-angle domain which was originally
populated by Liouville tori. In this sense, this type of diffusion is a local phenomenon.
The global geometry of an integrable system can, however, be quite rich, with the
phase space divided out by the singular leaves of the Liouville foliation into multiple
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action-angle domains, which are populated by different families of Liouville tori. In
this paper we formulate a question on whether, under some appropriate conditions,
small perturbations of such systems exhibit diffusing orbits that travel arbitrarily far
and across such multiple domains, and follow some prescribed collections of invariant
objects within each of these domains. We shall refer to this phenomenon as global
diffusion. (We note that a different type of phenomenon, also referred to as ‘global
diffusion’, is studied in [25]).
We investigate the question on global diffusion in a model of an a priori unstable
Hamiltonian system of three degrees of freedom. The unperturbed Hamiltonian system
is a product of a two-degree of freedom integrable Hamiltonian and a one-degree of free-
dom pendulum. We assume that there exists a normally hyperbolic invariant manifold
that is diffeomorphic to the product of a three-sphere and an energy interval – each
three-sphere is normally hyperbolic within the corresponding energy level. Further-
more, the two-degree of freedom integrable Hamiltonian is assumed to satisfy a strict
convexity condition. Under the integrability condition that we assume, each three-
sphere is divided out by singular leaves into finitely many disjoint, open domains, each
described by one action and two angle coordinates. The stable and unstable invariant
manifolds of each of the three-spheres coincide. We apply a small perturbation. The
normally hyperbolic invariant manifold survives if the perturbation is small enough,
and its intersections with energy levels of the perturbed Hamiltonian yields a family of
three-spheres, each being normally hyperbolic within the corresponding energy level.
Assuming some non-degeneracy conditions that are generic, the stable and unstable
invariant manifolds intersect transversally along homoclinic manifolds. To each homo-
clinic manifold, we associate a scattering map that describes the asymptotic behavior
of the homoclinic trajectories. Each scattering map is defined on some open subset of
the normally hyperbolic invariant manifold. Typically, there are many geometrically
distinct homoclinic manifolds and corresponding scattering maps. We assume that
there exists a family of homoclinic manifolds with the property that the domains of
the corresponding scattering maps sweep across all possible action coordinate level sets
on each action-angle domain on the three-sphere. Under these assumptions, we show
that there exist trajectories that follow prescribed collections of invariant objects of a
certain type within the three-sphere. In this sense, we say that the perturbed system
exhibits global diffusion relative to the three-sphere.
There are two key ingredients that are essential for us to formulate our global diffu-
sion type of result.
The first ingredient is the assumption that the domains of the scattering maps cover
all level sets of the action coordinate on each action-angle domain on the three-sphere.
This condition is satisfied in very general situations.
The second ingredient is the strict convexity condition on the above mentioned three-
spheres. A deep result from [28] implies that for each such a three-sphere, there exists a
disk-like global surface of section for the flow restricted to that sphere, and the Poincare´
return map to the surface of section is equivalent to an area preserving map. We show
that, when the two-degree of freedom Hamiltonian is coupled with the pendulum via
a small perturbation, as these three-spheres survive as normally hyperbolic invariant
manifolds in the corresponding energy levels, there still exists a global surface of section
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for the flow restricted to each three-sphere. We use these global surfaces of section to
describe the existence of trajectories that exhibit global diffusion. Specifically, within
each action-angle domain determined within a global surface of section we prescribe
a collection of invariant objects that are either KAM invariant tori or Aubry-Mather
sets. We show that there exist trajectories with visits each of these objects in the
prescribed order. Again, the main novelty here, in comparison to other related works,
is that these invariant objects lie in different action-angle domains.
A motivation for the question on global diffusion is furnished by the dynamics of the
spatial circular restricted three-body problem (SCRTBP) near one of its equilibrium
points. The SCRTBP describes the spatial motion of an infinitesimal particle (e.g., a
satellite) under the gravity of two heavy masses, referred to as primaries (e.g., Earth
and Sun), moving on circular orbits about their common center of mass. It is assumed
that the infinitesimal particle exerts no influence on the primaries. The motion of the
infinitesimal particle relative to a co-rotating system of coordinates can be described by
a Hamiltonian system of three degrees of freedom. One of the equilibrium points of the
system is located between the primaries, and we refer to it as L1. The linear stability
of L1 is of centerˆcenterˆsaddle type. There exists a 4-dimensional center manifold
through L1 and a natural action-angle coordinate system near L1. The intersections
of the center manifold with energy levels above but close to that of L1 are three-
spheres. Each three-sphere is normally hyperbolic within its energy level, and can be
parametrized by one action and two angle coordinates, in such a way that the action
corresponds to the out-of-plane amplitude of the motion. Provided that the mass ratio
of the primaries is sufficiently small, and the energy level is sufficiently close to that of
L1, one can use analytical results combined with computer experiments to show that
there exist trajectories that visit closely any prescribed sequence of action level sets – at
least within some bounds – on the three-sphere. Such an argument is carried in [48], and
will be further developed in an upcoming work. The same mechanism of global diffusion
can be established via numerical experiments for ‘realistic values’ of mass ratios and
energy levels; see [13, 14]. Here by realistic values we mean those corresponding to
applications to astrodynamics. A practical question motivating the global diffusion
mechanism discussed in this paper is whether there exist trajectories that visit any
prescribed sequence of action level sets. This would yield a zero cost procedure to
design satellite trajectories that change their out-of-plane amplitude, relative to the
ecliptic, from nearly zero to nearly the maximum possible that can be achieved for a
given energy level. Numerical evidence suggests that this is possible, at least for some
convenient energy levels.
The model considered in the paper can be regarded as an abstract model for the
SCRTBP, for which a purely analytical diffusion type of result can be established.
Similarities and differences between the Hamiltonian model considered in this paper
and the SCRTBP are discussed in Remark 3.1. Besides proposing the study of global
diffusion, in this paper we hope to further explore the integration of symplectic dynam-
ics ideas into problems in Hamiltonian instability and celestial mechanics. See, e.g.,
[1, 9, 29, 47].
Section 2 provides background and the main result. Section 3 discusses some exam-
ples. Section 4 gives the proofs of the main result and of some auxiliary propositions.
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The focus of the proof falls on describing the geometric structures that organize the
dynamics. The actual argument for the existence of diffusing orbits follows closely the
approach in [23], therefore many details of the proof are omitted. For easy reference,
we are also including an Appendix.
2. Set-up and main result
We start by describing certain structures that are needed to formulate the main result
of this paper. Then we describe a class of nearly integrable Hamiltonian systems, and
we formulate a global diffusion-type of result.
2.1. Preliminaries.
2.1.1. Strictly convex energy hypersurfaces for two-degrees of freedom Hamiltonian sys-
tems. Let H : R4 Ñ R be a smooth Hamiltonian, where R4 is endowed with the canon-
ical symplectic form ω “ ř2i“1 dqi^ dpi. Let λ “ 12 ř2i“1pqidpi´ pidqiq be the Liouville
form.
Suppose that c is a regular value forH and let Λ “ tpp1, q1, p2, q2q |Hpp1, q1, p2, q2q “
cu be the corresponding energy hypersurface ofH. We say that Λ is star-shaped relative
to a point x0 if
(i) for every x P Λ, the ray x0 ` tpx´ x0q, t ą 0, intersects Λ only once, at x, and
(ii) px´ x0q R TxΛ.
Then Λ is diffeomorphic to the 3-dimensional unit sphere S3 in R4, and there exists a
positive smooth function g : S3 Ñ R`, such that Λ “ tzagpzq | z P S3u (see [19]).
The restriction of λ to Λ is a contact form. It determines a contact structure on Λ,
which is the plane bundle given by ξ “ kerpλq.
Contact forms can be overtwisted, if there exists an overtwisted disk, i.e., an embed-
ded 2-dimensional open disk D with TBD Ď ξ and TpD ‰ ξp for all p P BD, and tight,
otherwise. Since Λ is star-shaped, the contact form λ|Λ is equivalent to the contact
form gλ|S3 . This contact form is tight.
The Reeb vector field Xλ associated to λ is defined by iXλpλq “ 1 and iXλpdλq “ 0,
and the flow generated by the Reeb vector field is called the Reeb flow. A sufficient
condition for the Reeb flow to be conjugated to the Hamiltonian flow restricted to
the energy hypersurface is that the Liouville vector field η, defined by Lηω “ ω, is
transverse to Λ (here L denotes the Lie derivative).
The Liouville vector field is transverse to the star-shaped energy hypersurface, hence
the Hamiltonian flow restricted to Λ is conjugate (via reparametrization of orbits) to
the Reeb flow on Λ defined by the tight contact form gλ|S3 .
An energy hypersurface Λ is said to bound a strictly convex domain if there exists
C ą 0 such that pD2H00 ´ C ¨ idq is positive definite at all points on R4. If an energy
hypersurface bounds a strictly convex domain, it implies that it is star-shaped with
respect to some point.
An energy hypersurface Λ is said to be dynamically convex if every periodic solution
x of period T of the Reeb flow on Λ has Conley-Zehnder index µ˜px, T q ě 3. Dynamical
convexity is a symplectic invariant. An energy hypersurface that bounds a strictly
convex domain is always dynamically convex. See Appendix A for further details.
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2.1.2. Integrable two-degrees of freedom Hamiltonian systems. Consider a Hamiltonian
system H : R4 Ñ R. The Hamiltonian system H is said to be Liouville integrable
if there exists a smooth function K : R4 Ñ R such that H and K are functionally
independent a.e. and in involution, i.e. tH,Ku “ 0, where t¨, ¨u denotes the Poisson
bracket. The function K is said to be a first integral of the Hamiltonian system. The
mapping H : R4 Ñ R2, H “ pH,Kq is called the momentum mapping.
The momentum mapping determines a foliation of the phase space, called the Li-
ouville foliation, given by the connected components of L “ tH´1pa¯q | a¯ P R2u. By
the Liouville-Arnold Theorem [2], every compact and connected regular leaf of L is
diffeomorphic to a two-torus T2 “ R2{Z2 and has a neighborhood U , diffeomorphic
to D2 ˆ T2, where D2 is an open disk in R2, and there exists a canonical system of
action-angle coordinates pI1, I2, φ1, φ2q on U , I “ pI1, I2q P D2, φ “ pφ1, φ2q P T2,
with
ř
2
i“1 dqi^ dpi “
ř
2
i“1 dφi^ dIi, such that the Hamiltonian H on U depends only
on I, and on each torus TI “ tI “ const.u the induced Hamiltonian flow is linear.
The domain U is called an action-angle domain. Each connected component U of the
complement of the set of the singular leaves of the Liouville foliation is a maximal
action-angle domain.
Fix Λ a regular energy hypersurface of H. We say that K is a Bott function if the set
of critical points of K on Λ is a disjoint union of smooth submanifolds, each of which
being non-degenerate in the following sense: D2K is non-degenerate on the transversals
to the submanifold (at each point).1 The class of Bott systems was introduced in [21]
in the study of the topology of integrable systems (see also [8]). It is known that the
set of Bott systems on a given energy level is a set of first category in the set of all
integrable Hamiltonian systems with the weak Cr metric, r ą 2 (see [33]).
The integral K cannot have isolated critical points on Λ; any integral curve is non-
degenerate and consists entirely of critical points, thus filling a submanifold of Λ. It
turns out that any connected critical submanifolds of a Bott function on a compact,
regular level set of a Hamiltonian of two degrees of freedom is diffeomorphic either to
a circle, or to a torus, or to the Klein bottle. By an arbitrary small Cr-perturbation,
one can turn an integrable Hamiltonian system with a Bott integral into an integrable
Hamiltonian system whose only critical submanifolds are circles (see [32, 33]). If these
circles are either elliptic or hyperbolic orbits for the Hamiltonian flow, the system is
said to be coherent.
2.1.3. Aubry-Mather theory. Assume that H satisfies an iso-energetic non-degeneracy
condition on a domain D2ˆT2 as above (see Section 2.2 for explicit formulations of the
iso-energetic non-degeneracy condition). Assume that Σ is a local surface of section
for the Hamiltonian flow on Λ. Assume that T1 and T2 are two two-dimensional tori in
Λ that are invariant under the flow. Assume that the region in Λ between T1 and T2
intersects Σ in an annulus A » T1ˆ r0, 1s, bounded by two circles T1 and T2, and that
the Poincare´ first return map f to Σ is well defined on A.
1For the definition of a Bott function, it is not necessary to assume that H,K are functionally
independent a.e. and in involution, as the Bott integrability condition is a specific property of the
restriction of the Hamiltonian system to an energy level.
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Let Rˆr0, 1s be the universal cover, let pθ, Jq P Rˆr0, 1s be a coordinate system on
A, πJ be the projection onto the first component, and πθ be the projection onto the
second component. We fix a lift of f to Rˆ r0, 1s. With an abuse of notation, we also
denote the universal cover by A and the lift by f .
In the setting of Section 2.1.2, the annulus A is foliated by essential invariant cir-
cles. By an essential invariant circle we mean a circle invariant under f that cannot
be homotopically deformed into a point inside the annulus. The iso-energetic non-
degeneracy condition implies that f satisfies a monotone twist-condition on A, that is,
Bpπθ ˝ fq{BJ ‰ 0 at all points in the annulus A. Let us assume that f is a positive
twist, meaning that Bpπθ ˝ fq{BJ ą 0 at all points.
We remark here that the twist condition is a coordinate dependent condition.
Under some condition, we can obtain a perturbed map on A, which we still denote
by f , such that the boundaries T1 and T2 of A remain invariant under f , and f is still
an area preserving positive twist map on A; however A is no longer foliated by essential
invariant circles. Such a situation is described explicitly in Section 2.2.
The map f restricted to the boundary components T1, T2 of the annulus has well
defined rotation numbers, which we denote ρ1, ρ2, respectively, with ρ1 ă ρ2.
An annulus A as above is called a Birkhoff Zone of Instability (BZI) provided that
there is no essential invariant circle in the interior of the region.
A invariant subset M Ď A is said to be monotone (cyclically ordered) if πθpz1q ă
πθpz2q implies πθpfpz1qq ă πθpfpz2qq for all z1, z2 P M . For z P A the extended orbit
of z is the set EOpzq “ tfnpzq ` pj, 0q : n, j P Zu. The orbit of z is said to be
monotone if the set EOpzq is monotone. If the orbit of z P A is monotone, then its
rotation number ρpzq is well defined. All points in the same monotone set have the
same rotation number.
An Aubry-Mather set is a minimal, monotone, f -invariant subset of given rotation
number ρ. Here by a minimal set we mean a closed invariant set that does not contain
any proper closed invariant subsets. (Equivalently, the orbit of every point in the set
is dense in the set.) This should not be confused with action-minimizing sets.
For every ρ P rρ1, ρ2s, there exists a non-empty Aubry-Mather set of rotation number
ρ. Aubry-Mather sets defined as such can be obtained as limits of monotone Birkhoff
periodic orbits [35].
In [40], Mather has proved that, given a bi-infinite sequence of action-minimizing
Aubry-Mather sets inside a BZI, three exists a trajectory that visits arbitrarily close
each of the Aubry-Mather set in the sequence, in the prescribed order. There is also a
topological version of this result, due to Hall [26].
2.2. Main result. We consider a Cr-differentiable Hamiltonian system, with r suffi-
ciently large, given by a smooth function Hε : R
6 Ñ R of the form
(2.1) Hεpp, qq “ H0pp, qq ` εH1pp, qq,
where p “ pp1, p2, p3q, q “ pq1, q2, q3q, and the unperturbed Hamiltonian H0 is of the
form
(2.2) H0pp, qq “ H00pp1, q1, p2, q2q `H01pp3, q3q.
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On R6 we consider the canonical symplectic form ω “ ř3i“1 dqi ^ dpi. Denote by
04 “ p0, 0, 0, 0q the origin of the pp1, q1, p2, q2q-phase-space, and by 02 “ p0, 0q the
origin of the pp3, q3q-phase-space.
Suppose that H00p04q “ H01p02q “ 0, and that there exists c1 ą 0, such that each
c P p0, c1s is a regular value for H00. Let
Λ0,c “ tpp1, q1, p2, q2q |H00pp1, q1, p2, q2q “ cu
be the corresponding energy hypersurface of H00 in the pp1, q1, p2, q2q-phase-space.
We now make some assumptions on the Hamiltonian Hε which will be used in for-
mulating the main result.
(A1) The Hamiltonian H00 satisfies the following properties:
(i) H00 has a non-degenerate minimum point at the origin 04.
(ii) The following strict convexity condition holds: there exists C ą 0 such
that pD2H00 ´ C ¨ idq is positive definite at all points pp1, q1, p2, q2q P R4.
(iii) H00 is Liouville integrable: there exists a first integralK such that tH00,Ku
are functionally independent almost everywhere and in involution.
(iv) K satisfies a Bott condition on Λ0,c, and the critical submanifolds of K on
Λ0,c are only circles of either elliptic or hyperbolic type, for each c P p0, c1s.
(v) On each maximal action-angle domain Ω0 with corresponding action-angle
coordinate system pI1, I2, φ1, φ2q P A ˆ T2, the Hamiltonian H00 satisfies
the following condition: pI ÞÑ H00pIqq´1pcq is a strictly-convex hypersur-
face in A, for each c P p0, c1s.
(A2) The Hamiltonian H01 satisfies the following properties:
(i) H01 has a non-degenerate saddle point at 02, and the set
γ “ tpp3, q3q |H01pp3, q3q “ 0u
is the union of two smooth curves γ´, γ` (separatrices) that meet only
at 02, and contain no other critical point of H01. Each γ
˘ represents the
stable and unstable manifold of 02; the two manifolds coincide.
(ii) The absolute values of the Lyapunov exponents of the flow of H00 on each
Λ0,c, c P p0, c1s are less than µ, where ˘µ denote the Lyapunov exponents
of the saddle point 02 for the flow of H01.
Now we discuss the above assumptions.
Assumptions (A1-i) and (A1-ii) imply that 04 is the unique critical point of H00
within some neighborhood of 04, and that H00 is a Morse function in some neighbor-
hood of 04 in the pp1, q1, p2, q2q phase-space. The Morse index of 04 equals 0. By
the Morse Lemma, it follows that all H00 level sets Λ0,c “ tH00 “ cu, c P p0, c1s, are
three-spheres in the pp1, q1, p2, q2q-phase-space, provided c1 is sufficiently small.
Assumption (A1-ii) further implies that each energy hypersurface Λ0,c » S3 in R4
is star-shaped relative to the origin, so the Hamiltonian flow on it is equivalent to
the Reeb flow on a tight three-sphere. By Theorem A.1 there exists a disk-like global
surface of section D0,c for the Hamiltonian flow restricted to Λ0,c, and a corresponding
return map f0,c that is conjugate to an area preserving map. See Appendix A.3.
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Assumption (A1-iii) says that H00 is Liouville integrable, hence the complement of
the critical set of the momentum map tH00,Ku is an open dense set that is a countable
union of action-angle domains Ωj
0
, j P N.
Assumption (A1-iv) says that for each c P p0, c1s, the first integral K satisfies a
Bott condition on each Λ0,c, hence the complement of the critical set of K on Λ0,c is
in fact a finite union of open sets on which H00 and K are functionally independent.
This implies that only finitely many of the action-angle domains from above, say Ωj
0
,
j “ 1, . . . , k, intersect each Λ0,c. The sets Ωj0,c “ Ωj0 X Λ0,c, j “ 1, . . . , k, are mutually
disjoint open sets, and the complement of
Ť
j“1,...,k Ω
j
0,c is a nowhere dense set in Λ0,c.
Each domain Ωj
0,c can be described by a system pI1, φ1, φ2q of one action and two
angle coordinates, induced by the corresponding action-angle coordinate system from
(A1-v); the second action coordinate I2 is implicitly defined by the energy condition.
Thus, Λ0,c is the union of the critical sets of K on Λ0,c, which, by assumption, are only
elliptic circles or hyperbolic circles together with their stable and unstable manifolds,
and of the domains Ωj
0,c, j “ 1, . . . , k. Each such domain Ωj0,c, j “ 1, . . . , k determines
a corresponding domain on the global surface of section D0,c for the Hamiltonian flow
restricted to Λ0,c, denoted by pΩj0,c “ Ωj0,c X D0,c. We can parametrize each pΩj0,c by an
action-angle coordinate system pJ, θq, where J can be taken equal to I1, and θ is the
angle coordinate symplectically conjugate to J relative to the symplectic form induced
on pΩj
0,c.
Assumption (A1-v) is equivalent in two-degrees of freedom with the following iso-
energetic non-degeneracy condition
det
¨˝Bω
BI ω
ωT 0
‚˛‰ 0,
for all I P A, where p¨qT denotes the transpose of a matrix. See [37]. This condition
can be also reformulated in terms of the frequency map I ÞÑW pIq “ rω1pIq : ω2pIqs P
P 1pRq, where ω1 “ BH{BI1, ω2 “ BH{BI2. For each I P A, W pIq represents the fre-
quency ratio on the torus determined by I. The iso-energetic non-degeneracy condition
is equivalent to the condition BW {BI ‰ 0 for all I P A, where the derivative is taken at
constant energy; hence the frequency ratio map I ÞÑ W pIq from the energy hypersur-
face to the projective line P 1pRq has maximal rank. The iso-energetic non-degeneracy
condition implies that the rotation number changes between neighboring tori. This
condition can also be reformulated in terms of transversality, see [17]. Conditions (A1-
v) combined with (A1-ii) imply that the return map f0,c to the global surface of section
D0,c is a twist map relative to the action-angle coordinate system pJ, θq, on each pΩj0,c,
j “ 1, . . . , k.
Assumption (A2) implies that
(2.3) Λ0 “
ď
cPr0,c1s
Λ0,c Ď tpp, qq P R6 | p3 “ q3 “ 0u
is a 4-dimensional normally hyperbolic invariant manifold (with boundary) for the
Hamiltonian flow. We also have that W upΛ0q “W spΛ0q, and that Λ0 is foliated by the
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three-spheres Λ0,c. The next proposition says that, when the perturbation applied to
the system is small enough, the normally hyperbolic invariant manifold survives, and
some part of it remains foliated by three-spheres.
Proposition 2.1. There exist 0 ă ε1 and 0 ă c0 ă c1 sufficiently small, such that for
each 0 ă ε ă ε1 there exists a normally hyperbolic locally invariant manifold Λε that
is ε-close to Λ0 in the C
r´2 topology, and for each c P rc0, c1s, Λε,c :“ Λε X tHε “ cu
is a normally hyperbolic invariant manifold diffeomorphic to a three-sphere. Moreover,
there exists a parametrization kε : Λ0 Ñ Λε such that kεpΛ0,cq “ Λε,c for all 0 ă ε ă ε1
and c P rc0, c1s.
The proof of this proposition is given in Section 4.
Let Ωjε “ kεpΩj0q, j “ 1, . . . , k. Using the parametrization kε we can carry the
coordinate system from each domain Ωj
0
to a coordinate system on Ωjε, j “ 1, . . . , k,
which, with an abuse of notation, we still denote by pI1, I2, φ1, φ2q. However, since
the perturbed system is not necessarily integrable, the action level sets are not in
general preserved by the Hamiltonian flow of Hε. Also note that the boundaries of the
domains Ωjε are no longer invariant sets, as they may get destroyed by the perturbation.
Similarly, each domain Ωj
0,c in Λ0,c corresponds via the restriction of kε to Λ0,c to a
domain Ωjε,c in Λε,c. Thus, there exists a coordinate system pI1, φ1, φ2q induced via kε
on Ωj
0,c by the corresponding coordinate system on Ω
j
0,c.
For a perturbation H1 of a ‘generic type’, and for all ε sufficiently small, W
upΛεq
and W spΛεq intersect transversally. More precisely, we will show that there exists an
open and dense set of perturbations H1 for which there exists a collection of homoclinic
channels Γiε, i “ 1, . . . , n, and corresponding scattering maps Siε : U iε Ñ V iε associated
to Γiε, with U
i
ε Ď Λε, such that, for every j P t1, . . . ku, each level set of I1 in Ωjε
intersects some U iε. The notion of a scattering map is recalled in Appendix B. The
above condition on the homoclinic channels is spelled out in condition (A3), Section
4.4.2. The genericity of this condition is shown in Section 4.4.6.
In order to formulate the main result of this paper, we need to discuss the existence
of a disk-like global surfaces of section for the flow of Hε restricted to Λε,c, c P rc0, c1s.
Proposition 2.2. There exists ε1 ą 0 such that for each 0 ă ε ă ε1 and each
c P rc0, c1s there exists a family of disk-like global surfaces of sections Dε,c for the
Hamiltonian flow of Hε restricted to Λε,c » S3, which depends smoothly on c and ε.
The return map fε,c to Dε,c is a twist map and is conjugate to an area preserving map.
The proof of this proposition is given in Section 4.
Each domain Ωjε,c, j “ 1, . . . , k, determines an open domain pΩjε “ Ωjε,c X Dε,c in
Dε,c. Each pΩjε,c is diffeomorphic to an annulus (punctured disk) and can be described
in terms of a system of action-angle coordinates pJ, θq induced by the corresponding
system on pΩj
0,c. We use the same notation for the induced coordinate system as for
the original one. The twist condition in Proposition 2.2 is understood relative to the
induced action-angle coordinates pJ, θq on pΩjε,c.
Proposition 2.3. There exists ε1 ą 0 sufficiently small, such that, for each ε P p0, ε1q
and each c P rc0, c1s, on each domain pΩjε,c, j “ 1, . . . , k, the map fε,c has a Cantor set
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of KAM invariant tori tTαuαPAj that survive from the foliation by f0,c-invariant tori
of the domain pΩj
0,c.
The proof of this proposition is given in Section 4. Besides KAM tori, since fε,c is
a monotone twist map, and is conjugate to an area preserving map, for every region
in pΩj
0,c bounded by a pair of invariant KAM tori T1, T2, and for each rotation number
ρ in the rotation interval rρ1, ρ2s determined by the boundary tori, there exists an
Aubry-Mather set of that rotation number. See Section 2.1.3.
The main theorem below aims to describe the existence of ‘global diffusion’ relative
to the three-sphere Λε,c. We give a precise sense of ‘global diffusion’ as follows. Choose
a global section Dε,c of the Hamiltonian flow restricted to Λε,c. Inside Dε,c, choose
a collection of invariant subsets tR1,R2, . . . ,Rnu so that each Ri is either a KAM
invariant torus or an Aubry-Mather set within some domain pΩjε,c, for j P t1, . . . , ku.
Theorem 2.4. Assume that Hε satisfies the assumptions (A1)-(A2) from above, and
assumption (A3) from Section 4.4.2. Then, there exist an open and dense set of smooth
perturbations H1 and ε1 ą 0 sufficiently small, such that, for every ε P p0, ε1q, every
c P rc0, c1s, given a global section Dε,c of the Hamiltonian flow of Hε restricted to
Λε,c and a collection of subsets tR1,R2, . . . ,Rnu of Dε,c as above, and a positive real
δ ą 0, there exists a trajectory φtεpxq of the Hamiltonian flow and a sequence of times
t1 ă t2 ă . . . ă tn such that dpφtiε pxq,Riq ă δ for i “ 1, . . . , n.
The proof of Theorem 2.4 is given in Section 4.
Remark 2.5. From the statement of Theorem 2.4 it may appear that the choice of the
invariant objects tR1,R2, . . . ,Rnu depends on the choice of the global section Dε,c.
This is not true. A set Ri that is a 1-dimensional KAM torus for the map fε,c in Dε,c
gives rise to a 2-dimensional KAM torus for the flow φtε. Also, a set Ri that is an
Aubry-Mather sets for the map fε,c in Dε,c gives rise to a lamination over the Aubry-
Mather set for the the flow φtε. (An interesting analysis of these laminations appear in
[20]). Thus, the above theorem yields trajectories that shadow a prescribed collection
of invariant objects that is independent of the surface of section.
Remark 2.6. The assumption in (A1-iv) that the critical submanifolds of K on Λ0,c are
only circles does not seem to be essential; we make it mainly to simplify the geometric
picture. If a critical submanifold is a torus, then there is a neighborhood of the torus
which is an action-angle domain. Also, if a critical submanifold is a Klein bottle, then
there is neighborhood of the Klein bottle where the dynamics can be reduced, via a
two-sheet covering, to the dynamics near a critical torus. See [36].
Remark 2.7. For most of the argument, the differentiability class Cr of the Hamiltonian
can be chosen with r fairly low, e.g. r ě 5. The existence of a global surface of sections
for Hamiltonian flows on three-dimensional strictly convex energy surfaces is proved in
[28] for C8-differentiable systems. In a personal communication, H. Hofer informed us
that the result remains valid for Cr-differentiable systems, with r sufficiently large.
Remark 2.8. The strict convexity condition (A1-ii) is not a symplectic condition. How-
ever it can be replaced by a symplectic condition in terms of the contact structure
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induced on each three-sphere Λ0,c. More precisely, one can replace it by the following
conditions: (i) the three-sphere is of contact type, (ii) the contact structure is tight, (iii)
the Reeb flow associated to the contact structure is equivalent to the Hamiltonian flow
restricted to the three-sphere, (iv) every periodic orbit of the Reeb flow has Conley-
Zehnder index greater than or equal to three. Under these conditions, a deep result
from [28] says that the Reeb flow has a disk-like global surface of section, on which the
Poincare´ return map is equivalent to an area preserving map. See Appendix A.3.
3. Examples
We consider a Hamiltonian system consisting of the coupling of two non-harmonic
oscillators and one pendulum subject to a small perturbation, given by
Hεpp, qq “ H00pp1, q1, p2, q2q `H01pp3, q3q ` εH1pp, qq,
where
H00pp1, q1, p2, q2q “ a1 p
2
1
` q2
1
2
` a2 p
2
2
` q2
2
2
` b1
2
ˆ
p2
1
` q2
1
2
˙2
` b2
2
ˆ
p2
2
` q2
2
2
˙2
,
H01pp3, q3q “ 1
2
p23 ` λ2pcos q3 ´ 1q,
(3.1)
with a1, a2, b1, b2 ą 0, a1 ‰ a2, b1 ‰ b2, λ ą 0.
We note that H0 “ H00 `H01 is an integrable Hamiltonian.
The Hamilton equations corresponding to Hε are:
9q1 “a1p1 ` b1p1 p
2
1 ` q21
2
` εBH1Bp1 ,
9p1 “´ a1q1 ´ b1q1 p
2
1 ` q21
2
´ εBH1Bq1 ,
9q2 “a2p2 ` b2p2 p
2
2 ` q22
2
` εBH1Bp2 ,
9p2 “´ a2q2 ´ b2q2 p
2
2
` q2
2
2
´ εBH1Bq2 ,
9q3 “p3 ` εBH1Bp3 ,
9p3 “λ2 sin q3 ´ εBH1Bq3 ,
(3.2)
First, we let ε “ 0. The point pp, qq “ 06 is an equilibrium point of the Hamiltonian
flow, of linearized type centerˆcenterˆsaddle. The eigenvalues of the linearized system
at this point are ˘a1i,˘a2i,˘λ. The Hamiltonian H01 satisfies the conditions on (A2).
The Hamiltonian H00 has a non-degenerate minimum at 04, as in (A1-i).
We now check (A1-ii). We compute
D2H00 “
ˆ
D1 0
0 D2
˙
,
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where
Di “
ˆ
ai ` bi2 p3p2i ` q2i q bipiqi
bipiqi ai ` bi2 pp2i ` 3q2i q
˙
,
with i “ 1, 2.
We have
xD2H00pu1, v1, u2, v2q, pu1, v1, u2, v2qy “
“
ÿ
i“1,2
aipu2i ` v2i q `
bi
2
rp3p2i ` q2i qu2i ` 4piqiuivi ` pp2i ` 3q2i qv2i s
ě
ÿ
i“1,2
aiu
2
i ` aiv2i
ě C
ÿ
i“1,2
u2i ` v2i
“ Cxpu1, v1, u2, v2q, pu1, v1, u2, v2qy,
provided we choose 0 ă C ă minta1, a2u.
It is clear that the Hamiltonian H00 is Liouville integrable integrable, with two first
integrals K1pp, qq “ p
2
1
`q2
1
2
and K2pp, qq “ p
2
2
`q2
2
2
, thus verifying (A1-iii). Of course
H00 “ h1pK1q ` h2pK2q, where hipzq “ aiz ` bi2 z2, i “ 1, 2, is also a first integral.
The value c “ 0 is the only critical value of H00. If c ą 0, the set Λ0,c “ tpp, qq P
H´1
0
pcq | p3 “ q3 “ 0u is invariant under the Hamiltonian flow of H0, and Λ0,c » S3.
We fix c ą 0 sufficiently small. The critical submanifolds of Λ0,c are the circle
χ10,c given by p
2
1 ` q21 “ ´a1`
?
a2
1
`2b1c
b1
, p2 “ q2 “ 0, and the circle χ20,c p22 ` q22 “
´a2`
?
a2
2
`2b2c
b2
, p1 “ q1 “ 0. Both circles represent closed orbits of elliptic type, thus
verifying (A1-iv). Note that the two circles form a Hopf link.
We make a canonical change of coordinates to action-angle coordinates
I1 “ 1
2
pq21 ` p21q, φ1 “ tan´1pp1{q1q,
I2 “ 1
2
pq22 ` p22q, φ2 “ tan´1pp2{q2q,
so that
ř
i“1,2 dqi ^ dpi “
ř
i“1,2 dIi ^ dφi.
The Hamiltonian H00 in action-angle coordinates is
H00pI1, φ1, I2, φ2q “ a1I1 ` a2I2 ` b1
2
I21 `
b2
2
I22 .
The equations of motion on Λ0 in action-angle coordinates are
9I1 “0,
9φ1 “a1 ` b1I1,
9I2 “0,
9φ2 “a2 ` b2I2.
(3.3)
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Figure 1. Disk-like global surface of section for the Hamiltonian flow
on the three-sphere.
We have
det
˜
B2H00
B2I
BH00
BI`
BH00
BI
˘T
0
¸
“ ´b2pa1 ` b1I1q2 ´ b1pa2 ` b2I2q2.
Since a1, a2, b1, b2 ą 0, this determinant never vanishes, so the iso-energetic non-
degeneracy condition is satisfied, thus verifying (A1-v).
Due to (A1-ii), Λ0,c bounds a strictly convex domain, and Theorem A.1 tells us that
there exists a disk-like global surface of section D0,c of the flow of H00. However, in
this example such a global surface of section is given explicitly by p2 “ q2 “ 0, which
is the disk bounded by the closed orbit given by p21 ` q21 “ ´a1`
?
a2
1
`2b1c
b1
, p2 “ q2 “ 0.
See Fig. 1. This disk is foliated by invariant circles of the type tI1 “ constu, with I2
implicitly given by the energy condition H00pI1, I2q “ c.
From the above assumptions, it follows that the statements from Proposition 2.1, 2.2,
and 2.3 hold true. In particular, there exist 0 ă c0 ă c1 and 0 ă ε1 such that, for each
c P rc0, c1s and each 0 ă ε ă ε1, the energy hypersurface tHε “ cu contains a normally
hyperbolic invariant manifold Λε,c » S3. This can be endowed with a coordinate
system pI1, φ1, φ2q induced by the corresponding coordinate system on Λ0,c. There
exists a disk-like global surface of section Dε,c Ď Λε,c. The boundary BDε,c is a periodic
orbit χ1ε,c. There exists another periodic orbit χ
2
ε,c in Λε,c that is transverse to intpDε,cq,
forming a Hopf link with χ1ε,c. Let p
2
ε,c be the intersection point between χ
2
ε,c with Dε,c.
Let fε,c : intpDε,cq Ñ intpDε,cq be the Poincare´ return map to Dε,c for the flow restricted
to Λε,c. The return map restricted to the open annulus Aε,c “ Dε,cztp2ε,cu is equivalent
to an area preserving map. It also satisfies a monotone twist condition. Hence we can
select in Aε,c some finite, arbitrary collection of invariant sets tR1, . . . ,Rnu, such that
each Ri is either a KAM invariant torus or an Aubry-Mather set for fε,c.
Assume that H1 satisfies the non-degeneracy condition (A3) from Section 4.4.2.
Then Theorem 2.4 applies. Under these assumptions, the stable and unstable manifold
W upΛε,cq and W upΛε,cq intersect transversally, and there exists a finite collection of
homoclinic channels tΓiε,cu, and corresponding scattering maps Siε,c : U iε,c Ñ V iε,c, i “
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1, . . . , n, such that
Ť
i“1,...,n U
i
ε,c covers the whole range of the action variable I1 on
Λε,c. That is, ΠI1p
Ť
i“1,...,nU
i
ε,cq Ě ΠI1pΛε,czpχ1ε,c Y χ2ε,cqq.
Under these conditions, Theorem 2.4 implies that the Hamiltonian flow has orbits
that visits arbitrarily closely the prescribed collection of invariant subsets tR1, . . . ,Rnu
in Dε,c.
Remark 3.1. We compare this example with the spatial circular restricted three-body
problem. In a co-rotating coordinate system, with the primaries of masses 1 ´ µ, µ
placed at ´µ, 1´ µ, respectively, the motion of the infinitesimal mass is described by
the following Hamiltonian
Hpx, y, z, 9x, 9y, 9zq “ 1
2
p 9x2 ` 9y2 ` 9z2q ´ ωpx, y, zq,
where the ‘effective potential’ ω is given by
ωpx, y, zq “ 1
2
px2 ` y2q ` 1´ µ
r1
` µ
r2
,
with r1 “ ppx`µq2`y2`z2q1{2 and r2 “ ppx´1`µq2`y2`z2q1{2. This problem has five
equilibria, L1, L2, L3 of (centerˆcenterˆ saddle)-type, and L4, L5 of (centerˆcenterˆ
center)-type. We denote by L1 the equilibrium between the primaries. We will assume
that µ is very small.
After performing a translation of coordinates and using a normal form about L1,
the Hamiltonian can be written in a neighborhood of L1 in the form
Hpp, qq “ H00pp1, q1, p2, q2q `H01pp3, q3q `H1pp, qq,
with H00,H01,H1 of the forms
H00pp1, q1, p2, q2q “ 1
2
ω1pp21 ` q21q `
1
2
ω2pp22 ` q22q,
H01pp3, q3q “ λp3q3,
H1pp1, q1, p2, q2, p3, q3q “
ÿ
kě3
Hk1 pp1, q1, p2, q2, p3, q3q,
where λ, ω1, ω2 are positive reals, and H
k
1
pp, qq, k ě 3, is a homogeneous polynomial of
order k in the variables pi, qi, i “ 1, . . . , 3.
There exists a center manifold W c that is tangent at L1 to the subspace correspond-
ing to the imaginary eigenvalues ˘iω1,˘iω2. Every energy level of H sufficiently close
to L1 intersects W
c along a three-sphere Λc » S3. See, e.g., [45]. It is easy to see
that H00 satisfies the strict convexity condition in a neighborhood of L1. In [48] it was
proved that the iso-energetic non-degeneracy condition is satisfied on Λc, provided c is
sufficiently close to the energy level of L1. Again, we do not have to invoke Theorem
A.1 to prove the existence of a disk-like global surface of section, since the z-axis sym-
metry of the problem ensures that the hyperplane tz “ 0u is a global surface of section
for the Hamiltonian flow restricted to Λc.
A significant difference from the previous example is that the term H1 is intrinsic
to the problem, and cannot be regarded as a small, ‘generic’ type of perturbation.
Thus, we cannot apply Theorem 2.4. This is a typical shortcoming of ‘generic’ type
GLOBAL DIFFUSION ON A TIGHT THREE-SPHERE 15
of diffusion mechanisms, namely that in many instance such mechanisms cannot be
applied to concrete examples. (It is well known that there are examples of ‘generic’
systems for which not a single example is known.)
In order to establish the existence of orbits that exhibit global diffusion relative to Λc
in this problem one needs to explicitly find (numerically or analytically) a collection of
homoclinic intersections and corresponding scattering maps that can be used to achieve
global diffusion. Some numerical evidence is given in [13, 14, 48].
4. Proofs of the results
4.1. Proof of Proposition 2.1. As we already mentioned in Section 2.2, by (A1-i)
and (A1-ii), 04 is the unique critical point of H00 within some neighborhood of 04,
H00 is a Morse function in some neighborhood of 04 in the pp1, q1, p2, q2q phase-space,
and the Morse Lemma implies that the level sets Λ0,c “ tH00pp1, q1, p2, q2q “ 0u are
three-spheres in the pp1, q1, p2, q2q-phase-space, provided c1 is sufficiently small.
By (A2) we obtain that Λ0 “
Ť
cPr0,c1s
Λc0 is a compact, normally hyperbolic invariant
manifold with boundary for the Hamiltonian flow of H0. The persistence theorem of
normally hyperbolic invariant manifolds implies that, if the perturbation applied to
H0 is sufficiently small, then Λ0 is survived by a normally hyperbolic locally invariant
manifold Λε for the Hamiltonian flow of Hε. Recall that local invariance means that
there exists a neighborhood UΛε of Λε such that any trajectory of the Hamiltonian
flow that stays in UΛε is contained in Λε; equivalently, the Hamiltonian vector field
of Hε is tangent to Λε at all points. Moreover, there exists a smooth parametrization
kε : Λ0 Ñ Λε of Λε that depends smoothly on ε, and with k0 “ idΛ. The manifold
Λε is ε-close to Λ0 in the C
r´2-topology. The parametrization kε is not unique; if we
compose kε to any diffeomorphism of Λ0 we obtain a new parametrization. See [27, 15].
We consider the restriction of the function Hε to Λε. By the implicit function
theorem, for every sufficiently small ε ą 0 there exists a critical point oε of Hε on Λε
which is a nondegenerate minimum point of Hε. Fixing ε1 ą 0 sufficiently small we
can choose a neighborhood V of oε in R
6 such that oε is the unique critical point of
Hε on Λε X V , for all 0 ď ε ă ε1.
For each 0 ď ε ă ε1, there exist 0 ă c0 ă c1, such that the following hold true:
‚ for all 0 ď c ă c1, the level sets tHε “ cu in Λε are contained in V ;
‚ for each 0 ă c ď c0, the Morse Lemma applies and all level sets tHε “ cu in Λε
are three-spheres;
‚ for each c P rc0, c1s, the norm of the gradient of Hε restricted to Λε is bounded
away from zero, and all corresponding level sets tHε “ cu in Λε are diffeomor-
phic to one another, hence they are three-spheres.
Thus Λε,c » S3 for every 0 ă ε ă ε1 and c P rc0, c1s. The region tc0 ď Hε ď
c1uXΛε is diffeomorphic to the cylinder S3ˆrc0, c1s, and is foliated by Λε,c » S3. The
parametrization kε of Λε introduced above can be chosen to map each three-sphere Λ0,c
of the unperturbed system into a three-sphere Λε,c of the perturbed system. 
4.2. Proof of Proposition 2.2. By Proposition 2.1, there exists a parametrization
kε : Λ0 Ñ Λε, with k0 “ id, that induces a parametrization kε : Λ0,c Ñ Λε,c for each c.
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Choose a parametrization of Λ0,c given by z P S3 ÞÑ κpzq “
a
gpzqz P Λ0,c, with
g : S3 Ñ R smooth. Let k˜ε “ kε ˝ κ. Let λε be the contact form on Λε and let k˜˚ελε
be the contact form on S3 given by the pull back of λε. Since λ is tight, we have that
k˜˚ελε is also tight provided ε is sufficiently small.
At this point on S3 we have the standard contact form λ, and the family of tight
contact forms k˜˚ελε, with ε ą 0 small. By Gray’s Stability Theorem, there exists a
smooth family of positive functions Ψε such that k˜
˚
ελε “
?
Ψελ. We have that Ψε
is Cr´2-close to the identity for ε sufficiently small, and so the Reeb flow of k˜˚ελε is
Cr´2-close to the Reeb flow of λ. Since λ is strictly convex, it is dynamically convex.
It then follows that k˜˚ελε is dynamically convex for all ε sufficiently small.
By virtue of Theorem A.1, we can choose ε1 sufficiently small such that, for all
0 ď ε ă ε1, there exists a disk-like surface of section Dε,c for the flow of Hε restricted
to Λε,c. Moreover, since the property of being a global surface of section is an open
condition, then we can choose the family of disks Dε,c to be C
r´2-smoothly depending
on ε and c.
In addition, the boundary BDε,c is a periodic orbit χ1ε,c. There exists another periodic
orbit χ2ε,c in Λε,c transverse to intpDε,cq, forming a Hopf link with χ1ε,c. See Remark 3.1.

4.3. Proof of Proposition 2.3. We start by noting that, in the unperturbed system,
each domain pΩj
0,c in D0,c, j “ 1, . . . , k, is an open annulus foliated by 1-dimensional tori
(essential circles) that are invariant under f0,c, the first return map to D0,c. Proposition
2.2 says that f0 is conjugate to an area preserving map, and assumption (A1-v) that f0,c
is a twist map relative to the pJ, θq action-angle coordinate system on pΩj
0,c. Provided
ε1 is small enough, for each 0 ă ε ă ε1, pΩjε,c is an open annulus, fε is conjugate to an
area preserving map, and is also a twist map relative to the action-angle coordinates
pJ, θq induced on pΩjε,c. Applying Moser Twist Mapping Theorem [46]2, we obtain that,
for all 0 ă ε ă ε1 with ε1 small enough, there exists a KAM family of tori invariant
under fε that survives from the family of f0,c-invariant tori that foliates pΩj0,c. 
4.4. Proof of Theorem 2.4.
4.4.1. The geometry of the unperturbed system. The assumption (A1-iv) is that all
critical submanifolds of the first integral K on Λ0,c are circles that are non-degenerate
in the sense of Bott. These circles are necessarily periodic orbits of the Hamiltonian
flow. The index of a critical circle is the number of negative eigenvalues of the restriction
of D2K on a subspace transverse to the circle. These circles are also assumed to be
of hyperbolic or elliptic type. In particular, the circles of index 0 or 2 are elliptic, and
the circles of index 1 are hyperbolic.
The connected components of the complement in Λ0,c of these circles are action-angle
domains, in the sense that on each component Ωj
0,c there exists a system of one action
and two angle coordinates pI1, φ1, φ2q. More precisely, for a critical circle χ we have
the following possibilities (see [8, 39, 7, 36]):
2The Moser Twist Mapping Theorem was proved for C3-mappings by M.R. Herman.
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X
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Figure 2. Example of a possible topology for the unperturbed system.
(i) If the index of χ is 0 or 2, then there exists a neighborhood of χ that is foliated by
regular 2-dimensional tori of the type I1 “ const., and the system of coordinates
pI1, φ1, φ2q is defined in a cylindrical neighborhood of χ. The intersections of
these tori with a surface of section D0,c are circles surrounding χXD0,c.
(ii) If the index of χ is 1, then there exists a neighborhood of χ that is locally the
product between χ and a ‘cross’ composed of separatrices of the orbit. The
trajectory has an orientable separatrix diagram or a non-orientable separatrix
diagram (see [21]). The whole connected component of the critical level of K
containing χ is a finite union of critical circles and cylinders whose boundary is
either made of one or two critical circles; all these critical circles have index 1.
This structure is referred to in [36] as a polycycle. The intersection between
a polycycle and D0,c determines separatrices for the dynamics of the Poincare´
map f0,c.
Consequently, the family of foliations by 2-dimensional tori of the action-angle do-
mains Ωj
0,c determine a partition of the surface of section D0,c into a finite collection of
annuli (including punctured disks) pΩj
0,c, j “ 1, . . . , k. The boundaries of these annuli
consist of points, circles, and separatrices. As it was explained in the proof of Propo-
sition 2.3, each annulus is foliated by invariant circles of the type J “ const., and the
Poincare´ map f0,c satisfies a monotone twist condition on each annulus. An example il-
lustrating a possible topology of the intersection between these objects – 2-dimensional
tori foliations, critical circles, and polycycles – with the disk D0,c is shown in Fig. 2.
4.4.2. The geometry of the perturbed system. We now look into the effect of a small per-
turbation on the foliations by 2-dimensional tori, the critical circles, and the polycycles
that organize Λ0,c.
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For 0 ď ε ă ε1 and c0 ď c ď c1, the domains Ωj0,c, j “ 1, . . . , k, in Λ0,c can be
continued to domains Ωjε,c in Λε,c, which can still be parametrized by one action and
two angle coordinates pI1, φ1, φ2q.
We make the following additional assumption on the perturbation H1:
(A3) For every ε P p0, ε1q and every c P rc0, c1s the following hold true:
(i) For each component of the boundary BΩj
0,c of an action-angle domain in
Λ0,c which is of the type W
u
|Λ0,c
pχ0,cq “ W s|Λ0,cpχ0,cq, with χ0,c a critical
circle of hyperbolic type, for the perturbed system we have W u|Λε,cpχε,cq in-
tersects transversallyW s|Λε,cpχε,cq in Λε,c, where χε,c is the hyperbolic circle
corresponding to χ0,c after perturbation. The above stable and unstable
manifolds are 2-dimensional hyperbolic manifolds for the Hamiltonian flow
restricted to Λ0,c, and, respectively Λε,c.
(ii) There exists a collection of homoclinic channels Γiε,c, i “ 1, . . . ,m, and
corresponding scattering maps Siε,c : U
i
ε,c Ñ V iε,c associated to Γiε,c, with
U iε,c, V
i
ε,c Ď Λε,c, such that, for every j P t1, . . . , ku, each level set of I1 in
Ωjε,c intersects some U iε,c. Moreover, for every j, and every action level set
tI1 “ I01u in Ωjε,c, there exist i and a point xd P U iε,c X tI1 “ I01u such that
I1pSiε,cpx1qq “ Id1 ă I01 , and also a point xu P U iε,c X tI1 “ I01u such that
I1pSiε,cpx2qq “ Iu1 ą I01 .
(iii) For every critical circle χε,c that is of hyperbolic type, there exist scattering
map Siε,c : U
i
ε,c Ñ V iε,c, with U iε,c intersectingW u,s|Λε,cpχε,cq, that move points
from either side of W u,s|Λε,cpχε,cq to the opposite side in Λε,c.
We will show in Subsection 4.4.6 that the assumption (A3) is satisfied by an open and
dense set of perturbations H1. Assumption (A3-i) implies that the separatrices of the
action-angle domains that correspond to stable and unstable manifolds of hyperbolic
circles are destroyed by the perturbation, yielding transverse homoclinic intersections.
Assumption (A3-ii) implies that there exists a collection of scattering maps that is
rich enough so that it covers the whole action range inside each maximal action-angle
domain in Λε,c, as well as the stable/unstable manifolds of hyperbolic invariant circles
that separate these domains. Moreover, it says that inside such a domain one can use
one of the scattering maps to increase/decrease the action coordinate I1. Assumption
(A3-iii) also says that the scattering maps can be used to cross the stable/unstable
manifolds of the hyperbolic circles from one side to the other.
Relative to the surface of section Dε,c, assumption (A3-1) implies that the sepa-
ratrices that were bounding different action-angle domains Ωˆj
0,c are destroyed by the
perturbation, and they give rise to hyperbolic periodic orbits whose stable and unsta-
ble manifolds intersect transversally. Assume that Oppq “ tp1, . . . , pmu is a hyperbolic
periodic orbit for fε,c, with W
u
|Dε,c
pOppqq transverse to W s|Dε,cpOppqq in Dε,c. These
stable and unstable manifolds are 1-dimensional hyperbolic invariant manifolds for the
map fε,c on Dε,c.
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Proposition 2.3 implies that inside each domain pΩjε,c, j “ 1, . . . , k. there exists a
family of 1-dimensional tori tTαuαPAj that are invariant under fε,c. Inside each annulus
bounded by a pair of invariant tori Tα1 , Tα2 , for each rotation number in the corre-
sponding rotation interval, there exists an Aubry-Mather set of that rotation number.
A collection of invariant sets tR1, . . . ,Rnu, where each Ri is either an invariant 1-
dimensional torus or an Aubry-Mather set, possibly lying in different regions pΩjε,c, is
given. To show the existence of a trajectory of the Hamiltonian flow φtε that visits these
sets, we have to combine the inner dynamics, given by the map fε,c on Dε,c, with the
outer dynamics, along homoclinic trajectories corresponding to the homoclinic mani-
folds Γiε,c, i “ 1, . . . ,m.
We need to address several issues. First, the inner dynamics is given in terms of
the map fε,c on a surface of section on Dε,c, and the outer dynamics is given in terms
of the flow φtε in R
6; we have to translate all information in the language of maps,
and reduce the problem to Dε,c. Second, we have to combine the inner and outer
dynamics, relative to Dε,c, to obtain orbits of the discrete dynamical system that visit
the prescribed collection of invariant sets. Then, we can conclude that there also exist
trajectories of the flow that visit the prescribed collection of invariant sets.
4.4.3. Reduction to a discrete dynamical system. We now describe how to combine the
outer dynamics, given by homoclinic trajectories and corresponding scattering maps,
the inner dynamics, given by the restriction of the flow to Λε,c, and the reduced dy-
namics, given by the return map fε,c to the surface of section Dε,c, in order to construct
orbits with the desired characteristics. The main part of the argument relies heavily
on the constructions from [23]; hence we will not repeat some of the technical details,
but focus on how to utilize these constructions in order to prove the main result. A
description of the ingredients of [23] is given in Appendix E.
First, we show how to produce trajectories that stay close enough to Λε,c for an
arbitrarily long time. We use the linearization of the flow φtε restricted to the energy
hypersurface tHε “ cu in a neighborhood of the normally hyperbolic invariant manifold
Λε,c; see Appendix C. Let Uε,c be a pδ{2q-neighborhood of Λε,c in the energy hyper-
surface where the flow can be linearized. Given any time T ą 0, each point in the
set UTε,c “
Ş
tPr0,T s φ
´t
ε pUε,cq stays in Uε,c for at least a time T ą 0. The trajectory
can be chosen so that, after it spends at least a time T ě 0 in Uε,c, it follows the
homoclinic orbit corresponding to a specific scattering map Siε,c, and then re-enters a
neighborhood UT
1
ε,c corresponding to some other prescribed time T
1 ą 0.
We discretize the dynamics by considering the time-1 map Fε of the flow φ
t
ε, which
is defined on the energy hypersurface. The above considerations for the flow dynamics
relative to UTε,c remain valid for the time-1 map dynamics (we can choose T P Z`). We
also remark that the scattering map for the time-1 map coincides with the scattering
map for the flow [16]. Hence, we will use the same notation Siε,c to refer to the scattering
map for the flow φtε and the scattering map for the time discretization of the flow Fε.
We can also define a scattering map for the return map fε,c to Dε,c. For each
scattering map Siε,c for the flow/time discretization, there exists a scattering map pSiε,c
that enjoys similar properties. See [14].
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We describe a procedure to combine the dynamics of the time-1 map Fε restricted
to Λε,c with the dynamics of the return map fε,c on Dε,c. Consider a point z P Dε,c
and its image fnε,cpzq under some power of fε,c. Then fnε,cpzq “ φtpz,nqε pzq for some time
tpz, nq P R. Consider the orbit of z under the time-discretization map Fε. To each
n P Z there exists a unique n1pz, nq P Z such that n1pz, nq ď tpz, nq ă n1pz, nq ` 1. The
points fnε,cpzq, Fn
1pz,nq
ε pzq lie on the same trajectory φtεpzq. In this way, for each point of
an orbit fnε,cpzq of fnε,c we can associate, in a canonical way, a point of an orbit Fn
1
ε pzq
of Fn
1
ε .
We will use this idea in the following way. We will combine the dynamics of fε,c
and of pSiε,c on Dε,c to follow the prescribed invariant objects tR1, . . . ,Rnu. More
precisely, we will construct a sequence of 2-dimensional windows in Dε,c, with some of
the windows in the sequence near the sets Ri, such that any two consecutive windows
in the sequence are correctly aligned either under some power of fε,c, or under one of
the scattering maps pSiε,c, i “ 1, . . . ,m. Then, we will use these windows to construct
another sequence of 3-dimensional windows in Λε,c, that are correctly aligned either
under some power of Fε, or under one of the scattering maps S
i
ε,c, i “ 1, . . . ,m. Then
we will invoke Lemma D.4 to show that there exists orbits of Fε in R
6 that follow this
latter sequence of windows. We will then conclude that there exist orbits of the flow
φtε that follow these windows.
4.4.4. Construction of a sequence of correctly aligned 2-dimensional windows. Given
the collection of invariant sets tR1, . . . ,Rnu in Dε,c, we would like to construct orbits
that visit, in the consecutive order, all the sets Ri that lie within the same domainpΩjε,c, then move to an adjacent domain and visit all the sets Ri1 that lie within that
domain, and so on, until all sets Ri have been visited.
Suppose that a sub-collection tRj1 , . . . ,Rjnu of tR1, . . . ,Rnu is contained in somepΩjε,c. Recall that the sets Ri are either 1-dimensional KAM tori or Aubry-Mather sets.
We consider the entire family of KAM tori tTαuαPAj provided by Proposition 2.3, which
includes among its members the sets Ri from the above sub-collection that are KAM
tori. Recall that the family of scattering maps Siε,c, i “ 1, . . . ,m, yields a family of
scattering maps pSiε,c, with pSiε,c : pU iε,c Ñ pV iε,c, where pU iε,c, pV iε,c are open subsets of Dε,c,
for i “ 1, . . . ,m.
Assumption (A3-ii) implies that each level set J “ J0 in pΩjε,c intersects the domain
of some scattering map pSiε,c, and, moreover, there exist points xˆd on that level set
such that JppSiε,cpxˆdqq “ Jd ă J0, and there exist points xˆu on that level set such that
JppSiε,cpxˆuqq “ Ju ą J0.
Using these scattering maps and the inner dynamics we can construct in pΩjε,c a
new sequence consisting of 1-dimensional KAM tori and essential circles that are not
necessarily KAM tori, which we denote by tTτuτ“1,...,τj , for some integer τj ą 0, and is
characterized by the following properties:
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‚ The sequence tTτuτ“1,...,τj consists of subsequences tTτ 1 ,Tτ 1`1, . . . ,Tτ 1`lu Ď
tTτuτ“1,...,τj that form transition chains of tori, alternating with Birkhoff Zones
of Instability, between the tori Tτ 1`l and Tτ 1`l`1:
– the transition chain is characterized by the fact that for each t “ 0, . . . , l´1
there is an i P t1, . . . ,mu such that pSiε,cpTτ 1`tq topologically crosses Tτ 1`t`1
(for the definition of topological crossing see, e.g., [24]);
– the Birkhoff Zones of Instability between Tτ 1`l and Tτ 1`l`1 is characterized
by the fact that the region in pΩjε between Tτ 1`l and Tτ 1`l`1 does not contain
any essential invariant circle in its interior;
‚ Each torus Tτ that is not an end torus of a transition chain is C1-smooth,
and each torus Tτ that is an end torus of a transition chain is only Lipschitz
continuous;
‚ Each torus Tτ is the limit of some other invariant tori (not necessarily from this
sequence), i.e., there exists a sequence of 1-dimensional invariant tori pTnqnPN
that approaches Tτ in the C
0-topology:
– if Tτ is an end torus of a transition chain, then it can be approximated by
some other invariant tori from only one side;
– if Tτ is not an end torus of a transition chain, then it can be approximated
by some other invariant tori from both sides;
‚ Every Ri from the sub-collection tRj1 , . . . ,Rjnu that is an invariant torus, is
a member of one of the transition chains from above, and every Ri that is an
Aubry-Mather set lies in one of the Birkhoff Zones of Instability from above.
We now invoke the construction of correctly aligned windows from [23]. That con-
struction yields a sequence of 2-dimensional windows in pΩjε,c, which we denote bypR0, pR1, . . . , pRp,
such that:
‚ For every q “ 0, . . . , p´ 1, pRq is correctly aligned with pRq`1 under some power
f
nq
ε,c of fε,c, or under some scattering map pSiε,c, where i “ 1, . . . ,m;
‚ For every set Ri there exists a window pRq in the above sequence that lies within
a pδ{2q-neighborhood of Ri.
By the assumptions (A3-i) and (A3-iii), there are orbits that go from one domainpΩjε,c to another. We now construct correctly aligned windows along such orbits are
link them with the windows along the sequences of tori constructed above. We do
the following. Assume that χε,c is a critical circle of hyperbolic type with W
u
|Λε,c
pχε,cq
intersecting transversallyW s|Λε,cpχε,cq, as in (A3-i). Let the intersection of χε,c with Dε,c
be the hyperbolic periodic orbit Oppq for fε,c, and let W uDε,cpOppqq and W sDε,cpOppqq
be the corresponding hyperbolic invariant manifolds in Dε,c; they do also intersect
transversally in Dε,c. Let T be the last invariant circle in pΩjε,c, defined by the property
that there is no essential invariant circle between T and W u
Dε,c
pOppqq YW s
Dε,c
pOppqq.
We extend the sequence of tori tTτuτ“1,...,τj to include the torus T , and extend the
construction of correctly aligned windows to attain T . The region between T and
W u
Dε,c
pOppqq Y W s
Dε,c
pOppqq is also a BZI. We can again call the arguments in [23]
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to construct a window pR by T which is correctly aligned under some power of fε,c
with a window pRs by W s
Dε,c
pOppqqq. By the standard construction of the correctly
aligned windows by a hyperbolic periodic orbit, we can construct another window pRu
by W u
Dε,c
pOppqq, such that pRs is correctly aligned with pRu under some power of fε,c.
By (A3-iii) we can also move from one side of W u,s
Dε,c
pOppqq to another. In this way we
obtain that the construction of correctly aligned can also be extended across different
domains pΩjε,c.
At the next step, we use the above 2-dimensional windows in Dε,c, which are cor-
rectly aligned under fε,c, to construct 3-dimensional windows in Λε,c, that are correctly
aligned under Fε.
4.4.5. Construction of a sequence of correctly aligned 3-dimensional windows. For each
2-dimensional window pRq Ď Dε,c we construct a 3-dimensional windows Rq Ď Λε,c, with
the property that Rq is correctly aligned with Rq`1 either under some suitable power
of Fε or under some scattering map S
j
ε,c, j “ 1, . . . , k. Note that the flow lines of φtε
restricted to Λε,c which are passing through pRq intersect pRq`1 along fnqε,cp pRqq X pRq`1.
We start with the construction of R0 and continue the construction inductively.
Suppose that pR0 is correctly aligned with pR1 under fn0ε,c. Choose a point z P pR0 and
let n1pn0q :“ n10 be the unique integer with n10 ď tpz, n0q ă n10 ` 1. Since Fε is a
diffeomorphism, F
n1
0
ε pDε,cq is a diffeomorphic copy of Dε,c and is itself a global surface
of section (sharing the same boundary circle with Dε,c). Define qR1 as the the set of
points of first intersection between the flow lines through pR1 and Fn10ε pDε,cq. We define
the window R0 of the type
R0 “
ď
zP pR0
φrt1p0,zq,t2p0,zqsε pzq,
for some t1p0, zq, t2p0, zq P R, with the property that pR0 “ ŤzP pR0 φt0p0,zqε pzq for some
t0p0, zq P pt1p0, zq, t2p0, zqq. We let
Rex0 “
ď
zP pRex
0
φrt1p0,zq,t2p0,zqsε pzq Y
ď
zP pR0
φBrt1p0,zq,t2p0,zqsε pzq,
be the exit set of R0.
Then we define
R1 “
ď
zP qR1
φrt1p1,zq,t2p1,zqsε pzq,
for some t1p1, zq, t2p1, zq P R, with the property that qR1 “ ŤzP qR1 φt0p1,zqε pzq for some
t0p1, zq P pt1p1, zq, t2p1, zqq. We let
Rex1 “
ď
zP qRex
1
φrt1p1,zq,t2p1,zqsε pzq Y
ď
zP qR1
φBrt1p1,zq,t2p1,zqsε pzq.
GLOBAL DIFFUSION ON A TIGHT THREE-SPHERE 23
Dε
Rq
Rq+1
Rq
Rq+1
f
nq
ε(Rq)  
F
n'q
ε(Rq)
Rq
Rq+1
Figure 3. Windows correctly aligned by the return map and windows
correctly aligned by the time-1 map.
It is immediate that for some suitable choices of the functions t1p0, zq, t2p0, zq, t0p0, zq,
t1p1, zq, t2p1, zq, t0p1, zq, we get that R0 is correctly aligned with R1 under Fn
1
0
ε,c . More
precisely, we require that t1p0, zq ` n10 ă t1p1, zq ă t2p1, zq ă t2p0, zq ` n10. See Fig. 3.
In a similar manner, given a pair of windows pRq, pRq`1 in Dε,c, with pRq correctly
aligned with pRq`1 under pSjε,c, we can construct a pair of windows Rq, Rq`1 in Λε,c,
with Rq correctly aligned with Rq`1 under S
j
ε,c.
The construction is continued inductively, providing a sequence of windows
R0, R1, . . . , Rp,
such that Rq is correctly aligned with Rq`1, either under some power F
n1q
ε,c of Fε, or
under some scattering map Sjε,c, j “ 1, . . . , k. It is implicit in this construction that
the trajectories of the flow φtε that that pass through the windows Rq, q “ 0, . . . , p,
also pass pδ{2q-close to each of the prescribed sets Ri, i “ 1, . . . ,m.
We apply Lemma D.4 from Appendix D, implying that for correctly aligned windows
as the ones constructed above there exist flow trajectories that visit pδ{2q-neighborhood
of these windows, in the prescribed order. Hence these flow trajectories pass δ-close to
each of the prescribed sets Ri, i “ 1, . . . ,m. This completes the argument.
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Remark 4.1. We remark that we can also ‘thicken’ the windows pRq to 3-dimensional
windows
ppRq of the type ppRq “ ď
zP pRq
φrt1pq,zq,t2pq,zqsε pzq,
ppRq “ ď
zP pRexq
φrt1pq,zq,t2pq,zqsε pzq
Y
ď
zP pRq
φBrt1pq,zq,t2pq,zqsε pzq,
for some suitable t1pq, zq, t2pq, zq P R, with the property that pRq “ ŤzP pRq φt0pq,zqε pzq
for some t0pq, zq P pt1pq, zq, t2pq, zqq. Then the relation between the windows Rq and
the windows
ppRq is that each window Rq is correctly aligned with the corresponding ppRq
under some suitable translation mapping along the trajectories of the flow φtε throughpRq.
Remark 4.2. We have used the topological method of correctly aligned windows to
show the existence of orbits that shadow Aubry-Mather sets lying in different maximal
action-angle domains. The existence of orbits that shadow Aubry-Mather sets within
a single action-angle domain has been established through variational methods in [40].
This approach has been applied to the diffusion problem in [10, 11]. The orbits found
in these papers are minimal. As concatenations of minimal orbit does not necessarily
yield minimal orbits, the variational approach does not seem to be suitable to find
orbits traveling across different action-angle domains.
Remark 4.3. One of the main ingredients to achieve global diffusion in this problem
is the combination of multiple dynamics, i.e., of the inner dynamics given by the
restriction of the Hamiltonian flow to Λε,c and of the outer dynamics given by several
scattering maps. This is closely related to the idea of polysystems, also known as
iterated function systems, which has enjoyed a recent development on its own (see, for
example [44, 31, 43, 42, 41]).
4.4.6. Genericity of the perturbation. In this section we sketch out the argument that
there exists an ‘generic’ set of Hamiltonians H1 for which condition (A3) from Sub-
section 4.4.2 is satisfied. We follow the ideas in [15], where detailed arguments can
be found. We can restrict the domain of the Hamiltonians Hε, ε P r0, ε1s to some
conveniently large compact set K Ď R6. By a generic set of Hamiltonians H1 we mean
an open and dense set of Hamiltonians in CrpK q.
We assume that a Hamiltonian H1 P CrpK q is given, and we show that by an
arbitrarily small perturbation of H1 in C
rpK q the resulting Hamiltonian Hε “ H0 `
εH1 satisfies the condition (A3).
By assumption (A2) the Hamiltonian H01 has two homoclinic orbits γ
˘ to p0, 0q. We
denote by pp˘
3
pτq, q˘
3
pτqq, τ P R, some parametrizations of these homoclinic orbits with
pp˘
3
p0q, q˘
3
p0qq “ p0, 0q, where p0, 0q is the saddle equilibrium point of the pendulum-
like system. These homoclinic orbits determine two corresponding branches of the
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stable and unstable manifolds of Λ0,c, W
`,upΛ0,cq “W`,spΛ0,cq “
Ť
zPΛ0,c
γ`, and and
W´,upΛ0q “W´,spΛ0q “
Ť
zPΛ0,c
γ´.
We want to measure the splitting of the stable and unstable manifolds of Λε when
ε ‰ 0 is sufficiently small. For this, we define the Melnikov potential for each of the
homoclinic orbits γ˘ by
M
˘pz, τq “
ż 8
´8
“
H1pp1ptq, q1ptq, p2ptq, q2ptq, p˘3 pτ ` tq, q˘3 pτ ` tqq(4.1)
´H1pp1ptq, q1ptq, p2ptq, q2ptq, 0, 0qs dt,(4.2)
where z “ pp1, q1, p2, q2q P Λ0,c, and pp1ptq, q1ptq, p2ptq, q2ptqq denotes the trajectory
φt0pzq on Λ0 for the Hamiltonian H00.
If we restrict to a domain Ωj
0,c Ď Λ0,c, with corresponding coordinates pI1, φ1, φ2q,
with respect to these coordinates we have
M
˘pI1, φ1, φ2, τq “
ż 8
´8
“
H1pI1, φ1 ` tI1, I2, φ2 ` tI1, p˘3 pτ ` tq, q˘3 pτ ` tqq
´H1pI1, φ1 ` tI1, I2, φ2 ` tI1, 0, 0qs dt,
where the value I2 is implicitly determined by pI1, φ1, φ2q. To measure the splitting
of the stable and unstable manifolds of Λε,c, we take a local section Σ to γ
˘ through
γ˘pτq and we measure the distance between the intersection points ofW˘,upkεpzqq and
W˘,spkεpzqq with Σ, which turns out to be given by
´ε d
dτ
M
˘pI1, φ1, φ2, τq `Opε1`̺q,
for some ̺ ą 0. The existence of a transverse intersection of the stable and un-
stable manifolds W˘,spΛε,cq, W˘,upΛε,cq is guaranteed provided that the function τ ÞÑ
M˘pI1, φ1, φ2, τq has a non-degenerate critical point τ˚pI1, φ1, φ2q. Then pI1, φ1, φ2q ÞÑ
pI1, φ1, φ2, τ˚pI1, φ1, φ2qq, with pI1, φ1, φ2q in some domain U00,c in Λ0,c where τ˚ is a
non-degenerate critical point of τ ÞÑ M˘, gives a parametrization of a homoclinic
manifold Γ0ε,c ĎW˘,spΛε,cq XW˘,upΛε,cq. If Γ0ε,c is chosen small enough so that it is a
homoclinic channel, then there is an associated scattering map S0ε,c : U
0
ε,c Ñ V 0ε,c. For
each x P Γ0ε,c, S0ε,c assigns to the point Ωuε,cpxq P U0ε,c the point Ωsε,cpxq P V 0ε,c, where
U0ε,c, V
0
ε,c Ď Λε,c. See Appendix B.
The change in the action I1 by the corresponding scattering map S
0
ε is given by
I1pΩsε,cpxqq ´ I1pΩuε,cpxqq “ ´ε
d
dτ
tI1,M˘upI1, φ1, φ2, τ˚pI1, φ1, φ2qq,
for x P Γ0ε.
Fixing a value I1 “ I01 , we can always ensure, by an arbitrarily small pertur-
bation of H1, if necessary, that there exists an open neighborhood U
0
ε of a point
pI01 , φ01, φ02q P Λε for which the map τ ÞÑM˘pI1, φ1, φ2, τq has a non-degenerate critical
point τ˚pI1, φ1, φ2q, for each pI1, φ1, φ2q P U0ε,c. We can choose this perturbation to have
compact support in some small tubular neighborhood of a point of pI1, φ1, φ2, γ`pτqq or
of pI1, φ1, φ2, γ´pτqq. The homoclinic intersection given by pI1, φ1, φ2, τ˚pI1, φ1, φ2qq,
with pI1, φ1, φ2q P U0ε,c, is denoted by Γ0ε,c.
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Since in the unperturbed system we have available two homoclinic orbits γ˘ that
are geometrically different, we can produce arbitrarily small perturbations of H1 that
have mutually disjoint supports, and obtain scattering maps Siε,c : U
i
ε,c Ñ V iε,c, with
corresponding homoclinic manifolds Γiε,c, such that the union of the domains U
i
ε covers
the whole range of I1. This ensures the genericity of condition (A3-ii) within each
angle-action domain Ωjε,c, j “ 1, . . . , k.
Now we discuss the splitting of the hyperbolic invariant manifolds of the critical cir-
cles χ0. For the Hamiltonian flow of H0, each such circle χ0 has two dimensional stable
and unstable manifoldsW˘,spχ0q,W˘,upχ0q, with one hyperbolic direction correspond-
ing to the dynamics of φt
0
on Λ0, and another hyperbolic direction corresponding to the
separatrix of the flow of H01. We have that W
˘,spχ0q “ W˘,upχ0q. By an arbitrarily
small perturbation of a given H1, if necessary, we can make that W
˘,spχ0q intersects
transversally W˘,upχ0q. This ensures the genericity of the condition (A3-i), and also
of the condition (A3-iii).
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Appendix A. Background on symplectic dynamics.
A.1. Contact geometry. Given a compact, connected, oriented, 3-dimensional man-
ifold M , a contact form λ on M is a 1-form on M such that λ^ dλ is a volume form
on M . The contact structure associated to λ is the plane bundle in TM given by
ξ “ kerpλq “ tpx, hq P TM |λpxqphq “ 0u. The restriction dλ|ξ‘ξ defines a symplec-
tic structure on each fiber of ξ Ñ M . The characteristic distribution of M is the
1-dimensional distribution
L “ tpx, hq P TM |x PM, ωph, kq “ 0 for all k P TxMu.
The corresponding 1-dimensional foliation is called the characteristic foliation.
The Reeb vector field X associate to λ is the vector field on M uniquely defined
by iXpdλq “ 0 and iXpλq “ 1. The Reeb vector field X spans the characteristic
distribution L which has the canonical section X. The flow lines of X are contained
in the leaves of the characteristic foliation. We have that TM naturally splits as
TM “ L‘ ξ “ RX ‘ ξ.
A contact structure λ is said to be tight provided that there are no overtwisted disks
in M , that is, there is no embedded disk D ĎM such that TBD Ď ξ and TpD ‰ ξp for
all p P BD. As an example, the 1-form on R4 of coordinates pq1, p1, q2, p2q,
λ0 “ 1
2
pq1dp1 ´ p1dq1 ` q2dp2 ´ p2dq2q,
gives a tight contact form on the 3-dimensional sphere S3 Ď R4 when restricted to
S3. By a theorem of Eliashberg [19], every tight contact form on S3 is diffeomorphic
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to gλ0, for some C
1-differentiable g : S3 Ñ Rzt0u. The sphere S3 equipped with this
distinguished contact structure is called the tight three-sphere.
If we denote by φt the flow of X, we have that pφtq˚λ “ λ, and pDφtqm : ξm Ñ ξφtpmq
is symplectic with respect to dλ.
A.2. The Conley-Zehnder index. To each contractible T -periodic solution xptq of
the Reeb vector field, there is assigned the so called Conley-Zehnder index. The Conley-
Zehnder index generalizes the usual Morse index for closed geodesics on a Riemannian
manifold. Roughly speaking, the index measures how much neighboring trajectories of
the same energy wind around the orbit.
We now recall the definition of the index. Assume that x is a T -periodic solution,
which is contractible. The derivative map Dφt : Txp0qM Ñ TxptqM maps the contact
plane ξxp0q to ξxptq and is symplectic with respect to dλ. We assume that xptq is non-
degenerate, meaning that DφT does not contain 1 in the spectrum. Choose a smooth
disk u : D Ñ M s.t. upe2iπt{T q “ xptq, where D “ tz P C | |z| ď 1u. Then choose a
symplectic trivialization β : u˚ξ Ñ D ˆ R2. We associate to xptq an arc of symplectic
matrices Φ : r0, T s Ñ Spp1q, where Spp1q “ tA P GLp2q |AT JA “ Ju, by
Φptq “ βpe2iπt{T q ˝ pDφtq|ξxptq ˝ βp1q´1.
The arc starts at the identity Φp0q “ Id and ends at ΦpT q, with detpΦpT q ´ Iq ‰ 0,
due to the non-degeneracy condition. Take z P C and compute the winding number of
Φptqz,
∆pzq “ θpT q ´ θp0q P R,
where θptq is a continuous argument of Φptqz, i.e., Φptqz “ rptqe2πiθptq. Then define the
winding interval of the arc Φptq by
IpΦq “ t∆pzq | z P Czt0uu.
Equivalently, we can put Φptqe2πis “ rpt, sqe2πiθpt,sq for all s P r0, 1s, where θp0, sq “ s,
and define ∆psq “ θpT, sq ´ θp0, sq “ θpT, sq ´ s, and IpΦq “ t∆psq | s P r0, 1su. The
length of the winding interval is less than 1{2. Then the winding interval either lies
between two consecutive integers or contains precisely one integer.
We define
µpΦq “
"
2k, if k P IpΦq;
2k ` 1, if Ipφq Ă pk, k ` 1q.
Then we define the Conley-Zehnder index µpx, T, rusq of px, T q by µpx, T, rusq “
µpΦq. It depends on x and T and on the homotopy class of the choice of the disk map
u : D ÑM satisfying upe2πit{T q “ xptq. In the case when π2pMq “ 0 (e.g., if M “ S3),
the index is independent of the choice of the disk map u.
A.3. Existence of global surfaces of section. Consider R4 “ tx “ pq1, p1, q2, p2q |
q1, p1, q2, p2 P Ru endowed with the standard symplectic form ω “
ř
2
i“1 dqj ^ dpj, and
H : R4 Ñ R a Cr-differentiable Hamiltonian function. If c P R is a regular value for H,
then Sc “ tx |Hpxq “ cu is a 3-dimensional manifold invariant under the Hamiltonian
flow of H. Assume that Sc is compact and connected.
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The manifold Sc is said to bound a strictly convex domain provided that there exists
δ ą 0 such that D2Hpxq ´ δ ¨ id is positive definite for all x P R4. This is equivalent
with the conditions that W “ tx |Hpxq ď cu is bounded, and D2Hpxqph, hq ą 0 for
each x P W and each non-zero vector h.
An energy manifold Sc of the Hamiltonian H is said to be of contact type if there
exists a one-form λ on Sc such that dλ “ ´j˚ω and iXH pλq ‰ 0 hold on Sc, where
j : Sc Ñ R4 is the inclusion map.
Assume now that Sc is diffeomorphic to S
3, that it is of contact type, and that the
contact structure is tight. The manifold Sc is said to be dynamically convex if for every
periodic solution px, T q of the Reeb vector field, we have µ˜px, T q ě 3.
If Sc is equipped with the contact form λ0|Sc , encloses 0R4 and is strictly convex,
then it is dynamically convex. The converse is not true.
The following result provides sufficient conditions for the existence of a disk-like
surface of section. Given a closed 3-dimensional manifold and a flow φ with no rest
points, we say that a topologically embedded 2-dimensional disk D is a disk-like global
surface of section provided that: (i) the boundary bdpDq is a periodic orbit (called
spanning orbit), (ii) the interior of the disk intpDq is a smooth manifold transverse
to the flow, and (iii) every orbit, other than the spanning orbit, intersects intpDq in
forward and backward time.
Theorem A.1 ([28]). Assume that Sc is diffeomorphic to S
3, is equipped with a tight
contact structure, and is dynamically convex. Then there exits a global disk-like surface
of section D and an associated global return map f : intpDq Ñ intpDq that is smoothly
conjugated to an area preserving mapping of the open unit disk in R2. The spanning
orbit χ of prime period T has Conley-Zehnder index µ˜pχ, T q “ 3.
We note that a generalization of this result to non-dynamically convex tight contact
forms on the three-sphere appears in [30].
Appendix B. Background on the scattering map.
Consider a flow Φ :M ˆRÑM defined on a manifold M that possesses a normally
hyperbolic invariant manifold Λ ĎM .
As the stable and unstable manifolds of Λ are foliated by stable and unstable mani-
folds of points, respectively, for each x PW upΛq there exists a unique xu P Λ such that
x PW upxuq, and for each x PW spΛq there exists a unique xs P Λ such that x P W spxsq.
We define the wave maps Ωs : W spΛq Ñ Λ by Ωspxq “ xu, and Ωu : W upΛq Ñ Λ by
Ωupxq “ xs. The maps Ωs and Ωu are Cℓ-smooth.
We now describe the scattering map, following [16]. Assume that W upΛq has a
transverse intersection with W spΛq along a l-dimensional homoclinic manifold Γ. The
manifold Γ consists of a pl ´ 1q-dimensional family of trajectories asymptotic to Λ
in both forward and backwards time. The transverse intersection of the hyperbolic
invariant manifolds along Γ means that Γ Ď W upΛq XW spΛq and, for each x P Γ, we
have
TxM “ TxW upΛq ` TxW spΛq,
TxΓ “ TxW upΛq X TxW spΛq.(B.1)
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Let us assume the additional condition that for each x P Γ we have
TxW
spΛq “ TxW spxsq ‘ TxpΓq,
TxW
upΛq “ TxW upxuq ‘ TxpΓq,(B.2)
where xu, xs are the uniquely defined points in Λ corresponding to x.
The restrictions Ωs
Γ
,Ωu
Γ
of Ωs,Ωu, respectively, to Γ are local Cℓ´1 - diffeomor-
phisms. By restricting Γ even further, if necessary, we can ensure that Ωs
Γ
,Ωu
Γ
are
Cℓ´1-diffeomorphisms. A homoclinic manifold Γ for which the corresponding restric-
tions of the wave maps are Cℓ´1-diffeomorphisms will be referred as a homoclinic
channel.
Definition B.1. Given a homoclinic channel Γ, the scattering map associated to Γ is
the Cℓ´1-diffeomorphism SΓ “ Ωs
Γ
˝ pΩu
Γ
q´1 defined on the open subset Uu :“ Ωu
Γ
pΓq
in Λ to the open subset U s :“ Ωs
Γ
pΓq in Λ.
Proposition B.2. Assume that T1 and T2 are two invariant submanifolds of comple-
mentary dimensions in Λ. Then W upT1q has a transverse intersection with W spT2q in
M if and only if SpT1q has a transverse intersection with T2 in Λ.
Appendix C. Linearization of normally hyperbolic flows
Let M be a Cr-smooth, m-dimensional manifold (without boundary), with r ě 1,
and φ :MˆRÑM a Cr-smooth flow on M . A submanifold (possibly with boundary)
Λ of M is said to be a normally hyperbolic invariant manifold for φt if Λ is invariant
under φt, there exists a splitting of the tangent bundle of TM into sub-bundles
TM “ Eu ‘ Es ‘ TΛ,
that are invariant under Dφt for all t P R, and there exist a constant C ą 0 and rates
0 ă β ă α, such that for all x P Λ we have
}Dφtpxqpvq} ď Ce´αt}v} for all t ě 0, if and only if v P Esx,
}Dφtpxqpvq} ď Ceαt}v} for all t ď 0, if and only if v P Eux ,
}Dφtpxqpvq} ď Ceβ|t|}v} for all t P R, if and only if v P TxΛ.
In [27] it is proved that in some neighborhood of Λ the flow φt is conjugate with
its linearization. That is, there exists a neighborhood U of Λ and a homeomorphism
h from U to some neighborhood V of the zero section of the normal bundle to Λ such
that
Dφt ˝ h “ h ˝ φt.
The homeomorphism h defines a system of coordinates pxc, xs, xuq P Λ ‘ Es ‘ Eu.
The flow written in these coordinates takes the form
hpφtpxqq “ pφtpxcq,Dφtxcpxsq,Dφtxcpxuqq,
for x P U and hpxq “ pxc, xs, xuq P V.
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Appendix D. Correctly aligned windows.
We follow [51, 24, 22, 23, 14].
Definition D.1. An pm1,m2q-window in an m-dimensional manifold M , where m1 `
m2 “ m, is a compact subset R of M together with a C0-parametrization given by a
homeomorphism ρ from some open neighborhood UR of r0, 1sm1ˆr0, 1sm2 Ď Rm1ˆRm2
to an open subset of M , with R “ ρpr0, 1sm1 ˆ r0, 1sm2q, and with a choice of an ‘exit
set’
Rex “ ρ pBr0, 1sm1 ˆ r0, 1sm2q
and of an ‘entry set’
Ren “ ρ pr0, 1sm1 ˆ Br0, 1sm2q .
Let f be a continuous map on M with fpimpρ1qq Ď impρ2q. Denote fρ “ ρ´12 ˝f ˝ρ1.
Definition D.2. Let R1 and R2 be pm1,m2q-windows, and let ρ1 and ρ2 be the cor-
responding local parametrizations. We say that R1 is correctly aligned with R2 under
f if the following conditions are satisfied:
(i) There exists a continuous homotopy h : r0, 1s ˆ UR1 Ñ Rm1 ˆ Rm2 , such that
the following conditions hold true
h0 “ fρ,
hpr0, 1s, Br0, 1sm1 ˆ r0, 1sm2q X r0, 1sm1 ˆ r0, 1sm2 “ H,
hpr0, 1s, r0, 1sm1 ˆ r0, 1sm2q X r0, 1sm1 ˆ Br0, 1sm2 “ H,
and
(ii) There exists y0 P r0, 1sm2 such that the map Ay0 : Rm1 Ñ Rm1 defined by
Ay0pxq “ πm1 ph1px, y0qq satisfies
Ay0 pBr0, 1sm1 q Ď Rm1zr0, 1sm1 ,
degpAy0 , 0q ‰ 0,
where πm1 : R
m1 ˆRm2 Ñ Rm1 is the projection onto the first component, and
deg is the Brouwer degree of the map Ay0 at 0.
Theorem D.3. Let tRiuiPZ, be a collection of pm1,m2q-windows in M , and let fi be
a collection of continuous maps on M . If for each i P Z, Ri is correctly aligned with
Ri`1 under fi, then there exists a point p P R0 such that
pfi ˝ ¨ ¨ ¨ ˝ f0qppq P Ri`1, for all i P Z.
Moreover, under the above conditions, and assuming that for some k ą 0 we have
Ri “ Rpimod kq and fi “ fpimod kq for all i P Z, then there exists a point p as above that
is periodic in the sense
pfk´1 ˝ ¨ ¨ ¨ ˝ f0qppq “ p.
Assume that f : M Ñ M is a diffeomorphism on a manifold M , Λ Ď M is an
l-dimensional normally hyperbolic invariant manifold, and S : U Ñ V is a scattering
map associated to some homoclinic channel Γ.
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Lemma D.4. Let tRi, R1iuiPZ be a bi-infinite sequence of l-dimensional windows con-
tained in Λ. Assume that the following properties hold for all i P Z:
(i) Ri Ď U and R1i Ď V .
(ii) Ri is correctly aligned with R
1
i`1 under the scattering map S.
(iii) for each pair R1i`1, Ri`1 and for each L ą 0 there exists L1 ą L such that R1i`1
is correctly aligned with Ri`1 under the iterate f
L1
|Λ of the restriction f|Λ of f
to Λ.
Fix any bi-infinite sequence of positive real numbers tεiuiPZ. Then there exist an orbit
pfnpzqqnPZ of some point z P M , an increasing sequence of integers pniqiPZ, and some
sequences of positive integers tNiuiPZ, tKiuiPZ, tMiuiPZ, such that, for all i P Z:
dpfnipzq,Γq ă εi,
dpfni`Ni`1pzq, fNi`1|Λ pR1i`1qq ă εi`1,
dpfni´Mipzq, f´Mi|Λ pRiqq ă εi,
ni`1 “ ni `Ni`1 `Ki`1 `Mi`1.
Appendix E. Topological method for the diffusion problem.
In this section we recall the main result from [23]. Assume the following:
(C1) M is a n-dimensional Cr-differentiable Riemannian manifold, and f :M ÑM
is a Cr-smooth map, for some r ě 2.
(C2) There exists a submanifold Λ inM , diffeormorphic to an annulus Λ » T1ˆr0, 1s.
We assume that f is normally hyperbolic to Λ in M . Denote the dimensions
of the stable and unstable manifolds of a point x P Λ by dimpW spxqq “ ns and
dimpW upxqq “ nu. Then, n “ 2` ns ` nu.
(C3) On Λ there is a system of angle-action coordinates pφ, Iq, with φ P T1 and I P
r0, 1s. The restriction f |Λ of f to Λ is a boundary component preserving, area
preserving, monotone twist map, with respect to the angle-action coordinates
pφ, Iq.
(C4) The stable and unstable manifolds of Λ, W spΛq and W upΛq, have a differen-
tiably transverse intersection along a 2-dimensional homoclinic channel Γ. We
assume that the scattering map S : U´ Ñ U` associated to Γ is well defined.
(C5) There exists a bi-infinite sequence of Lipschitz primary invariant tori tTiuiPZ in
Λ, and a bi-infinite, increasing sequence of integers tikukPZ with the following
properties:
(i) Each torus Ti intersects the domain U
´ and the range U` of the scattering
map S associated to Γ.
(ii) For each i P tik ` 1, . . . , ik`1 ´ 1u, the image of Ti X U´ under the scat-
tering map S is topologically transverse to Ti`1.
(iii) For each torus Ti with i P tik ` 2, . . . , ik`1 ´ 1u, the restriction of f to Ti
is topologically transitive.
(iv) Each torus Ti with i P tik ` 2, . . . , ik`1 ´ 1u, can be C0-approximated from
both sides by other primary invariant tori from Λ.
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We will refer to a finite sequence tTiui“ik`1,...,ik`1 as above as a transition chain
of tori.
(C6) The region in Λ between Tik and Tik`1 is a BZI.
(C7) Inside each region between Tik and Tik`1 there is prescribed a finite collection
of Aubry-Mather sets tΣρk
1
,Σρk
2
, . . . ,Σρksk
u, where sk ě 1, and ρks denotes the
rotation number of Σρks . These Aubry-Mather sets are assumed to be vertically
ordered, relative to the I-coordinate on the annulus.
Instead of (C6) we can consider the following condition:
(C61) The region Λk in Λ between Tik and Tik`1 contains finitely many invariant
primary tori tΥhk
1
, . . . ,Υhk
lk
u, where lk ě 1, satisfying the following properties:
(i) Each Υhkj
falls in one of the following two cases:
(a) Υhkj
is an isolated invariant primary torus.
(b) There exists a hyperbolic periodic orbit in Λ such that its stable and
unstable manifolds coincide.
(ii) The invariant primary tori tΥhk
1
, . . . ,Υhk
lk
u are vertically ordered, relative
to the I-coordinate on the annulus.
(iii) For each Υhkj
, j “ 1, . . . , lk, the inverse image S´1pΥhkj X U
`q forms with
Υhkj
a topological disk Dhkj
Ď U´ below Υhkj , such that SpDhkj q Ď U
` is a
topological disk above Υhkj
, which is bounded by Υhkj
and SpΥhkj X U
´q.
Theorem E.1. Let f : M Ñ M be a Cr-differentiable map, and let pTiqiPZ be a
sequence of invariant primary tori in Λ, satisfying the properties (C1) – (C6), or (C1)-
(C5) and (C6 1), from above. Then for each sequence pǫiqiPZ of positive real numbers,
there exist a point z PM and a bi-infinite increasing sequence of integers pNiqiPZ such
that
dpfNipzq, Tiq ă ǫi, for all i P Z.(E.1)
In addition, if condition (C7) is assumed, and some positive integers tnksus“1,...,sk ,
k P Z are given, then there exist z P M and pNiqiPZ as in (E.1), and positive integers
tmksus“1,...,sk , k P Z, such that, for each k and each s P t1, . . . , sku, we have
(E.2) πφpf jpwks qq ă πφpf jpzqq ă πφpf jpw¯ks qq,
for some wks , w¯
k
s P Σωks and for all j with
Nik `
s´1ÿ
t“0
nkt `
s´1ÿ
t“0
mkt ď j ď Nik `
sÿ
t“0
nkt `
s´1ÿ
t“0
mkt .
References
[1] P. Albers, J.W. Fish, U. Frauenfelder, H. Hofer, and O. van Koert. Global surfaces of section in
the planar restricted 3-body problem. 2011.
[2] V. I. Arnol1d. A theorem of Liouville concerning integrable problems of dynamics. Sibirsk. Mat.
Zˇ., 4:471–474, 1963.
[3] V.I. Arnold. Instability of dynamical systems with several degrees of freedom. Sov. Math. Doklady,
5:581–585, 1964.
GLOBAL DIFFUSION ON A TIGHT THREE-SPHERE 33
[4] Patrick Bernard. The dynamics of pseudographs in convex Hamiltonian systems. J. Amer. Math.
Soc., 21(3):615–669, 2008.
[5] M. Berti, L. Biasco, and Philippe P. Bolle. Drift in phase space: a new variational mechanism
with optimal diffusion time. J. Math. Pures Appl., 82(9):613–664, 2003.
[6] Ugo Bessi, Luigi Chierchia, and Enrico Valdinoci. Upper bounds on Arnold diffusion times via
Mather theory. J. Math. Pures Appl. (9), 80(1):105–129, 2001.
[7] A. V. Bolsinov, A. V. Borisov, and I. S. Mamaev. Topology and stability of integrable systems.
Uspekhi Mat. Nauk, 65(2(392)):71–132, 2010.
[8] A. V. Bolsinov and A. T. Fomenko. Integrable Hamiltonian systems. Chapman & Hall/CRC, Boca
Raton, FL, 2004. Geometry, topology, classification, Translated from the 1999 Russian original.
[9] B. Bramham and H. H. Hofer. First steps towards a symplectic dynamics. 2011.
[10] Chong-Qing Cheng and Jun Yan. Existence of diffusion orbits in a priori unstable Hamiltonian
systems. J. Differential Geom., 67(3):457–517, 2004.
[11] Chong-Qing Cheng and Jun Yan. Arnold diffusion in Hamiltonian systems: a priori unstable case.
J. Differential Geom., 82(2):229–277, 2009.
[12] L. Chierchia and G. Gallavotti. Drift and diffusion in phase space. Ann. Inst. H. Poincare´ Phys.
The´or., 60(1):144, 1994.
[13] A. Delshams, M. Gidea, and P. Roldan. Arnold’s mechanism of diffusion in the spatial circular
restricted three-body problem: A semi-numerical argument. 2010.
[14] A. Delshams, M. Gidea, and P. Roldan. Transition map and shadowing lemma for normally hy-
perbolic invariant manifolds. Discrete and Continuous Dynamical Systems. Series A., 3(33):1089–
1112, 2013.
[15] Amadeu Delshams, Rafael de la Llave, and Tere M. Seara. A geometric mechanism for diffusion
in Hamiltonian systems overcoming the large gap problem: heuristics and rigorous verification on
a model. Mem. Amer. Math. Soc., 179(844):viii+141, 2006.
[16] Amadeu Delshams, Rafael de la Llave, and Tere M. Seara. Geometric properties of the scattering
map of a normally hyperbolic invariant manifold. Adv. Math., 217(3):1096–1153, 2008.
[17] Amadeu Delshams and Pere Gutie´rrez. Effective stability and KAM theory. J. Differential Equa-
tions, 128(2):415–490, 1996.
[18] Amadeu Delshams and Gemma Huguet. Geography of resonances and arnold diffusion in a priori
unstable hamiltonian systems. Nonlinearity, 22(8):1997, 2009.
[19] Yakov Eliashberg. Contact 3-manifolds twenty years since J. Martinet’s work. Ann. Inst. Fourier
(Grenoble), 42(1-2):165–192, 1992.
[20] B Fayad. Continuous spectrum on laminations over aubry-mather sets. Disc. and Cont. Dyn. Sys.,
21:823–834, 2008.
[21] A. T. Fomenko. The topology of surfaces of constant energy of integrable Hamiltonian systems
and obstructions to integrability. Izv. Akad. Nauk SSSR Ser. Mat., 50(6):1276–1307, 1344, 1986.
[22] Marian Gidea and Rafael de la Llave. Topological methods in the instability problem of Hamil-
tonian systems. Discrete Contin. Dyn. Syst., 14(2):295–328, 2006.
[23] Marian Gidea and Clark Robinson. Diffusion along transition chains of invariant tori and aubry-
mather sets. Ergodic Theory Dynam. Systems.
[24] Marian Gidea and Clark Robinson. Topologically crossing heteroclinic connections to invariant
tori. J. Differential Equations, 193(1):49–74, 2003.
[25] Massimiliano Guzzo, Elena Lega, and Claude Froeschle´. First numerical evidence of global arnold
diffusion in quasi-integrable systems. Discrete Contin. Dyn. Syst. Ser. B, 5(6):687–698, 2005.
[26] Glen Richard Hall. A topological version of a theorem of Mather on shadowing in monotone twist
maps. In Dynamical systems and ergodic theory (Warsaw, 1986), volume 23 of Banach Center
Publ., pages 125–134. PWN, Warsaw, 1989.
[27] M.W. Hirsch, C.C. Pugh, and M. Shub. Invariant manifolds, volume 583 of Lecture Notes in Math.
Springer-Verlag, Berlin, 1977.
[28] H. Hofer, K. Wysocki, and E. Zehnder. The dynamics on three-dimensional strictly convex energy
surfaces. Ann. of Math. (2), 148(1):197–289, 1998.
34 MARIAN GIDEA
[29] Umberto Hryniewicz, Al Momin, and Pedro A. S. Saloma˜o. A Poincare´-Birkhoff theorem for Reeb
flows on S3. 2011.
[30] Umberto Hryniewicz and Pedro A. S. Saloma˜o. On the existence of disk-like global sections for
Reeb flows on the tight 3-sphere. Duke Math. J., 160(3):415–465, 2011.
[31] John E. Hutchinson. Fractals and self-similarity. Indiana Univ. Math. J., 30(5):713–747, 1981.
[32] V. V. Kalashnikov. The Bott property and properties in general position of integrable Hamiltonian
systems. Uspekhi Mat. Nauk, 48(6(294)):151–152, 1993.
[33] V. V. Kalashnikov. On the generic character of Bott integrable Hamiltonian systems. Mat. Sb.,
185(1):107–120, 1994.
[34] V. Kaloshin. Geometric proofs of Mather’s connecting and accelerating theorems. In Topics in
dynamics and ergodic theory, volume 310 of London Math. Soc. Lecture Note Ser., pages 81–106.
Cambridge Univ. Press, Cambridge, 2003.
[35] A. Katok. Some remarks of Birkhoff and Mather twist map theorems. Ergodic Theory Dynamical
Systems, 2(2):185–194 (1983), 1982.
[36] C. Labrousse and J.-P. Marco. Polynomial entropies for bott nondegenerate hamiltonian systems.
2012.
[37] P. Lochak. Canonical perturbation theory via simultaneous approximation. Russian Mathematical
Surveys, 47(6):57–133, 1992.
[38] Pierre Lochak and Jean-Pierre Marco. Diffusion times and stability exponents for nearly integrable
analytic systems. Cent. Eur. J. Math., 3(3):342–397 (electronic), 2005.
[39] J.-P. Marco. Dynamical complexity and symplectic integrability. 2009.
[40] John N. Mather. Variational construction of orbits of twist diffeomorphisms. J. Amer. Math. Soc.,
4(2):207–263, 1991.
[41] Radu Miculescu and Alexandru Mihail. Applications of fixed point theorems in the theory of
generalized ifs. Journal of Mathematical Analysis and Applications.
[42] Radu Miculescu and Alexandru Mihail. Lipscomb’s space ωA is the attractor of an infinite IFS
containing affine transformations of l2pAq. Proc. Amer. Math. Soc., 136(2):587–592 (electronic),
2008.
[43] Alexandru Mihail and Radu Miculescu. Applications of fixed point theorems in the theory of
generalized IFS. Fixed Point Theory Appl., pages Art. ID 312876, 11, 2008.
[44] Richard Moeckel. Generic drift on Cantor sets of annuli. In Celestial mechanics (Evanston, IL,
1999), volume 292 of Contemp. Math., pages 163–171. Amer. Math. Soc., Providence, RI, 2002.
[45] Richard Moeckel. Isolating blocks near the collinear relative equilibria of the three-body problem.
Trans. Amer. Math. Soc., 356(11):4395–4425 (electronic), 2004.
[46] Ju¨rgen Moser. Stable and random motions in dynamical systems. Princeton University Press,
Princeton, N. J.; University of Tokyo Press, Tokyo, 1973. With special emphasis on celestial
mechanics, Hermann Weyl Lectures, the Institute for Advanced Study, Princeton, N. J, Annals of
Mathematics Studies, No. 77.
[47] Pedro A. S. Saloma˜o and N. de Paulo. Systems of transversal sections near critical energy levels
of hamiltonian systems in R4. 2013.
[48] Anna Sama` Camı´. Equilibria in Three Body Problems: stability, invariant tori and connections.
PhD thesis, Universitat Auto`noma de Barcelona. Departament de Matema`tiques, 2004.
[49] D. Treschev. Trajectories in a neighbourhood of asymptotic surfaces of a priori unstable Hamil-
tonian systems. Nonlinearity, 15(6):2033–2052, 2002.
[50] D. Treschev. Evolution of slow variables in a priori unstable hamiltonian systems. Nonlinearity,
17(5):1803–1841, 2004.
[51] Piotr Zgliczyn´ski and Marian Gidea. Covering relations for multidimensional dynamical systems.
J. Differential Equations, 202(1):32–58, 2004.
Department of Mathematical Science, Yeshiva University, NY 10018, USA
E-mail address: Marian.Gidea@yu.edu
